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ANALYSIS OF VELA´ZQUEZ’S SOLUTION TO THE MEAN
CURVATURE FLOW WITH A TYPE II SINGULARITY
SIAO-HAO GUO AND NATASA SESUM
Abstract. J.J.L. Vela´zquez in 1994 used the degree theory to show that there
is a perturbation of Simons’ cone, starting from which the mean curvature
flow develops a type II singularity at the origin. He also showed that under a
proper time-dependent rescaling of the solution around the origin, the rescaled
flow converges in the C0 sense to a minimal hypersurface which is tangent to
Simons’ cone at infinity. In this paper, we prove that the rescaled flow actually
converges locally smoothly to the minimal hypersurface, which appears to be
the singularity model of the type II singularity. In addition, we show that the
mean curvature of the solution blows up near the origin at a rate which is
smaller than that of the second fundamental form.
1
1. Introduction
J.J.L. Vela´zquez in [V] constructed a solution to the mean curvature flow which
develops a type II singularity. Below is his result:
Theorem 1.1. Let n ≥ 4 be a positive integer. If t0 < 0 and |t0| ≪ 1 (depending
on n), then there is a O (n)×O (n) symmetric mean curvature flow {Σt}t0≤t<0 so
that
1. {Σt}t0≤t<0 develops a type II singularity at O as tր 0 in the sense that there
is 0 < σ = σ (n) < 12 (see (3.5)) so that the second fundamental form of Σt satisfies
lim sup
tր0
sup
Σt∩B(O;
√−t)
(−t) 12+σ |AΣt | > 0
2. The type I rescaled hypersurfaces{
Πs =
1√−tΣt
∣∣∣∣
t=−e−s
}
− ln(−t0)≤s<∞
C2-converge to Simons’ cone C in any fixed annulus centered at O (i.e. B (O; R) \
B (O; r) with 0 < r < R <∞) as sր∞.
3. The type II rescaled hypersurfacesΓτ = 1(−t) 12+σΣt
∣∣∣∣∣
t=−(2στ)−12σ

1
2σ(−t0)2σ
≤τ<∞
locally C0-converges to a minimal hypersurfaceMk (see Section 2), which is tangent
to Simons’ cone C at infinity.
1Natasa Sesum thanks NSF for the support in DMS-1056387.
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Vela´zquez’s idea is to find a O (n) × O (n) symmetric solution to the “normal-
ized mean curvature flow” {Πs}s0≤s<∞ which exists for a long time and converges
(locally and away from O) to Simons’ cone C as s ր ∞. Note that the minimal
cone C is a self-shrinker with a singularity at the origin and that this singularity of
C forces the normalized mean curvature flow {Πs}s0≤s<∞ to develop a singularity
at O as sր∞. Consequently, the corresponding mean curvature flow {Σt}t0≤t<0
develop a type II singularity at O in finite time (as t ր 0). In addition, he used
the comparison principle to show that the type II rescaled hypersurfaces convergers
locally uniformly, in the C0 sense, to a minimal hypersurface Mk.
The motivation of studying Vela´zquez’s solution comes from two natural ques-
tions. The first one is whether the minimal hypersurface Mk is the singularity
model of the type II singularity at O? Note that the minimal hypersurface is sta-
tionary, which is a special case of the “translating mean curvature flow”. Vela´zquez’s
result make us believe that this is true. However, we cannot be assured by his re-
sult since he only show that the type II rescaled hypersurfaces converges to Mk
in the C0 sense. Secondly, we would like to know whether the mean curvature of
Vela´zquez’s solution blows up as t ր 0 or not. There is a long-lasting question in
the study of mean curvature flow: “Does the mean curvature blow up at the first
singular time?” The answer is positive under a variety of hypotheses. For instance,
if the mean curvature flow is rotationally symmetric or its singularities belong to
type I, then the mean curvature must blow up (see [K] and [LS]). People believe
this is true in general for low-dimensional mean curvature flow, and it has been
verified by Li and Wang (see [LW]) for the 2-dimensional case. However, people
are skeptical about this for high-dimensional mean curvature flow, and they think
Vela´zquez’s solution might be a counterexample. Heuristically speaking, the type
II rescaling of Vela´zquez’s solution converges to a “minimal hypersurface”, so it
seems that there is a chance for the mean curvature of Vela´zquez’s solution to stay
bounded upto the first singular time.
In this paper, we answer both of the above questions. More explicitly, we show
the following:
Theorem 1.2. Let {Σt}t0≤t<0 be Vela´zquez’s solution in Theorem 1.1 with n ≥ 5.
By choosing proper initial data outside a small ball centered at O, the origin is
the only singularity of the solution at the first singular time t = 0. Moreover, the
type II rescaled hypersurfaces {Γτ} 1
2σ(−t0)2σ
≤τ<∞ converges locally smoothly to the
minimal hypersurface Mk as τ ր∞. It follows that the second fundamental form
of Σt satisfies
0 < lim sup
tր0
sup
Σt
(−t) 12+σ |AΣt | <∞
In addition, the mean curvature of Σt blows up as t ր 0 at a rate which smaller
than that of the second fundamental form. More precisely, there hold
lim sup
tր0
sup
Σt∩B
(
O;C(n)(−t) 12+σ
) (−t)
1
2−σ |HΣt | > 0
lim sup
tր0
sup
Σt
(−t) 12+(1−2̺)σ |HΣt | <∞
for some constant 0 < ̺ = ̺ (n) < 1.
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Proof. The smooth convergence of the type II rescaled hypersurfaces {Γτ} to Mk
as τ ր ∞ and the fact that the origin is the only singularity of {Σt} at t = 0
follow from Theorem 4.8 (see also Remark 4.9). The blow-up rates of the second
fundamental form AΣt and mean curvature HΣt can be found in Proposition 5.1,
Proposition 5.2, Proposition 5.3 and Proposition 5.4. 
To improve the convergence of the type II rescaled flow, all we need is to derive
some smooth estimates (see Proposition 4.4 and Proposition 4.5). One of the key
ingredients to achieve that is to use the curvature estimates in [EH]. As for the
blow-up of the mean curvature, it follows from the smooth convergence of type II
rescaled flow and L’Hoˆpital’s rule. Moreover, by modifying Vela´zquez’s estimates,
we show that the blow-up rate of the mean curvature is smaller than that of the
second fundamental form.
The paper is organized as follows. In Section 2, we introduce the minimal hy-
persurface Mk found by Vela´zquez and then derive some smooth estimates for it.
In Section 3, we specify the set up for constructing Vela´zquez’s solution and define
various regions and rescalings for analyzing the solution. In Section 4, we state the
key a priori estimates (Proposition 4.4 and Proposition 4.5) and explain how to use
them to construct Vela´zquez’s solution (for the sake of completeness) and to see
the behavior of the solution in different regions (see Theorem 4.8). In Section 5, we
explain why the mean curvature blows up and why its blow-up rate is smaller than
that of the second fundamental form. Lastly, in Section 6, Section 7 and Section 8
we prove Proposition 4.4 and Proposition 4.5 for completion of the argument.
2. Minimal hypersurfaces tangent to Simons’ cone at infinity
Let
C = {(rν, rω) ∣∣ r > 0; ν, ω ∈ Sn−1 }
be Simons’ cone, where n ≥ 4 is a positive integer and Sn−1 is the unit sphere in
R
n. It is shown in [V] that there is a smooth minimal hypersurface
M =
{(
rν, ψˆ (r)ω
)∣∣∣ r ≥ 0; ν, ω ∈ Sn−1}
in R2n which is tangent to C at infinity, and that the function ψˆ (r) satisfies
∂2rrψˆ
1 +
(
∂rψˆ
)2 + (n− 1)
(
∂rψˆ
r
− 1
ψˆ
)
= 0
and 
∂2rrψˆ (r) > 0
∂rψˆ (0) = 0, limrր∞
∂rψˆ(r)−1
rα−1 = α 2
α+1
2
ψˆ (r) > r, limrր∞
ψˆ(r)−r
rα
= 2
α+1
2
where
α =
− (2n− 3) +√4n2 − 20n+ 17
2
∈ [−2, −1)
is a root of the quadratic polynomial
(2.1) α (α− 1) + 2 (n− 1) (α+ 1) = 0
ANALYSIS OF VELA´ZQUEZ’S SOLUTION TO THE MCF 4
By symmetry, studying M is equivalent to analyzing the projected curves
M¯ =
{(
r, ψˆ (r)
)∣∣∣ r ≥ 0}
(2.2) C¯ = {(r, r)| r > 0}
Note that M¯ is a convex curve which lies above C¯ (i.e. ψˆ (r) > r for r ≥ 0); more-
over, M¯ intersects orthogonally with the vertical ray {(0, r)| r > 0} (i.e. ∂rψˆ (0) =
0) and is asymptotic to C¯ at infinity (i.e. ψˆ (r) = r+O (rα) as r ր∞). Therefore,
M¯ is a graph over C¯; more precisely,
M¯ =
{
r
(
1√
2
,
1√
2
)
+ ψ (r)
(−1√
2
,
1√
2
) ∣∣∣∣∣ r ≥ ψˆ (0)√2
}
=
{(
(r − ψ (r)) 1√
2
, (r + ψ (r))
1√
2
) ∣∣∣∣∣ r ≥ ψˆ (0)√2
}
Vela´zquez in [V] showed that the function ψ (r) satisfies
∂2rrψ
1 + (∂rψ)
2 + 2 (n− 1)
r ∂rψ + ψ
r2 − ψ2 = 0
and 
∂2rrψ (r) > 0
∂rψ
(
ψˆ(0)√
2
)
= −1, limrր∞ ∂rψ(r)rα−1 = α
ψ
(
ψˆ(0)√
2
)
= ψˆ(0)√
2
, limrր∞
ψ(r)
rα
= 1
More generally, for each k > 0, we can define
Mk = k 11−αM
Then Mk is also a minimal hypersurface in R2n which is tangent to C at infinity.
Notice that
Mk =
{(
r ν, ψˆk (r) ω
)∣∣∣ r ≥ 0; ν, ω ∈ Sn−1}
where
(2.3) ψˆk (r) = k
1
1−α ψˆ
(
k
−1
1−α r
)
By rescaling, we deduce that
(2.4)
∂2rrψˆk
1 +
(
∂rψˆk
)2 + (n− 1)
(
∂rψˆk
r
− 1
ψˆk
)
= 0

∂2rrψˆk (r) > 0
∂rψˆk (0) = 0, limrր∞
∂rψˆk(r)−1
rα−1 = kα 2
α+1
2
ψˆk (r) > r, limrր∞
ψˆk(r)−r
rα
= k 2
α+1
2
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Moreover, there holds a “monotonic” property of the rescaling family, i.e. ψˆk1 (r) <
ψˆk2 (r) whenever 0 < k1 < k2 < ∞. To see that, let’s first derive the following
lemma.
Lemma 2.1. The function ψˆk (r) satisfies
(2.5) ψˆk (r)− r ∂rψˆk (r) > 0
for r ≥ 0. In addition, there holds
(2.6) lim
rր∞
ψˆ (r) − r ∂rψˆ (r)
rα
= (1− α) 2α+12
Proof. Notice that
∂r
(
ψˆ (r)− r ∂rψˆ (r)
)
= −r ∂2rrψˆ < 0
which means the function ψˆ (r) − r ∂rψˆ is decreasing. Furthermore, we have
lim
rր∞
ψˆ (r)− r ∂rψˆ (r)
rα
= lim
rր∞
(
ψˆ (r) − r
rα
+
1− ∂rψˆ (r)
rα−1
)
= (1− α) 2α+12 > 0
which implies
ψˆ (r)− r ∂rψˆ (r) > 0
for r≫ 1. The conclusions follow immediately. 
Now we show the monotonic property of the rescaling family.
Lemma 2.2. There holds
∂k ψˆk > 0
In other words, ψˆk is monotonically increasing in k.
Proof. By definition, we have
∂k ψˆk (z) = ∂k
(
k
1
1−α ψˆ
(
k
−1
1−α z
))
= ∂k k
1
1−α
(
ψˆ (r) − r ∂rψˆ (r)
)∣∣∣
r=k
−1
1−α z
> 0

On the other hand, notice that the projected curve of Mk is also a graph over
over C¯, i.e.
(2.7) M¯k =
{(
r, ψˆk (r)
)∣∣∣ r ≥ 0}
=
{(
(r − ψk (r)) 1√
2
, (r + ψk (r))
1√
2
) ∣∣∣∣∣ r ≥ ψˆk (0)√2
}
where
(2.8) ψk (r) = k
1
1−α ψ
(
k
−1
1−α r
)
By rescaling, the function ψk (r) satisfies
(2.9)
∂2rrψk
1 + (∂rψk)
2 + 2 (n− 1)
r ∂rψk + ψk
r2 − ψ2k
= 0
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∂2rrψk (r) > 0
∂rψk
(
ψˆk(0)√
2
)
= −1, limrր∞ ∂rψk(r)rα−1 = kα
ψk
(
ψˆk(0)√
2
)
= ψˆk(0)√
2
, limrր∞
ψk(r)
rα
= k
Note that ψk (r)ց 0 as r ր∞. Below we have the decay estimates for ψk (r).
Lemma 2.3. For any m ∈ Z+, there holds
|∂mr ψk (r)| ≤ C (n, m) krα−m
for r ≥ ψˆk(0)√
2
.
Proof. By rescaling, it is sufficient to check for k = 1.
From
lim
r→∞
ψ (r)
rα
= 1 = lim
r→∞
∂rψ (r)
αrα−1
we have
max
{∣∣∣∣ψ (r)r
∣∣∣∣ , |∂rψ (r)|} ≤ C (n) rα−1
for r ≥ ψˆ(0)√
2
. In particular, there is R≫ 1 (depending on n) so that
max
{∣∣∣∣ψ (r)r
∣∣∣∣ , |∂rψ (r)|} ≤ 13
for r ≥ R. By (2.9), we have
∂2rrψ (r) = −2 (n− 1)
(
1 + (∂rψ (r))
2
) r ∂rψ (r) + ψ (r)
r2 − ψ2 (r)
It follows that ∣∣∂2rrψ (r)∣∣ ≤ C (n) rα−2
for r ≥ R. Continuing differentiating the equation of ψ (r) and using induction
yields
|∂mr ψ (r)| ≤ C (n, m) rα−m
for r ≥ R, m ∈ Z+.
On the other hand, by the above choice of R = R (n), we have
sup
ψˆ(0)√
2
≤r≤R
rm−α |∂mr ψ (r)| ≤ Rm−α sup
ψˆ(0)√
2
≤r≤R
|∂mr ψ (r)| ≤ C (n, m)
for any m ∈ Z+. Therefore, we conclude that for any m ∈ Z+
|∂mr ψ (r)| ≤ C (n, m) rα−m
for r ≥ ψˆ(0)√
2
. 
As a corollary, we have the following decay estimates for the higher order deriva-
tives of ψˆk (r).
Lemma 2.4. For any m ≥ 2, there holds∣∣∣∂mr ψˆk (r)∣∣∣ ≤ C (n, m) krα−m
for r ≥ 0.
ANALYSIS OF VELA´ZQUEZ’S SOLUTION TO THE MCF 7
Proof. By rescaling, it is sufficient to check for k = 1.
Let’s first parametrize the projected curve M¯ by
Z =
(
(r − ψk (r)) 1√
2
, (r + ψk (r))
1√
2
)
In this parametrization, the normal curvature of M¯ is given by
AM¯ =
∂2rrψ (r)(
1 + (∂rψ (r))
2
) 3
2
Let ∇M¯ be the covariant derivative of M¯, i.e.
∇M¯ f =
∂rf (r)√
1 + (∂rψ (r))
2
for f ∈ C1 (M¯)
By Lemma 2.3, there is R≫ 1 (depending on n) so that
max
{∣∣∣∣ψ (r)r
∣∣∣∣ , |∂rψ (r)|} ≤ 13
and
(2.10) |Z|m
∣∣∇mM¯ AM¯∣∣ ≤ C (n, m) |Z|α−2
for r ≥ R, m ∈ Z+. Notice that
|Z| =
√
r2 + ψ2 (r)
is comparible with r for r ≥ R.
Next, let’s reparametrize M¯ by
(2.11) Z =
(
r, ψˆ (r)
)
In this parametrization, the normal curvature is given by
(2.12) AM¯ =
∂2rrψˆ (r)(
1 +
(
∂rψˆ (r)
)2) 32
and the covariant derivative is defined by
(2.13) ∇M¯ f =
∂rf (r)√
1 +
(
∂rψˆ (r)
)2 for f ∈ C1 (M¯)
Note also that by (2.4), we have
(2.14)
0 ≤ ψˆ(r)
r
≤ C (n)
0 ≤ ∂rψˆ (r) ≤ 1
for r ≥ R = R (n). Then by (2.10), (2.11), (2.12), (2.13) and (2.14), we infer that∣∣∣∂mr ψˆ (r)∣∣∣ ≤ C (n, m) rα−m
for r ≥ 2R, m ≥ 2.
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On the other hand, by the above choice of R = R (n), there holds
sup
0≤r≤2R
rm−α
∣∣∣∂mr ψˆ (r)∣∣∣ ≤ (2R)m−α sup
0≤r≤2R
∣∣∣∂mr ψˆ (r)∣∣∣ ≤ C (n, m)
for any m ≥ 2. Consequently, we get∣∣∣∂mr ψˆ (r)∣∣∣ ≤ C (n, m) rα−m
for r ≥ 0, m ≥ 2. 
Lastly, we conclude this section by estimating the difference between ψk and its
asymptotic function appeared in (2.9).
Lemma 2.5. The function ψk (r) satisfies
|ψk (r) − krα| ≤ C (n) k3 r3α−2
∣∣∂rψk (r)− kαrα−1∣∣ ≤ C (n) k3 r3α−3
for r ≥ ψˆk(0)√
2
.
Proof. Without loss of generality, we may assume k = 1.
First, let’s rewrite the equation of ψ (r) as
(2.15) r ∂2rrψ = −2 (n− 1)
1 + (∂rψ)
2
1−
(
ψ
r
)2 (∂rψ + ψr
)
Let
P = ∂rψ (r) , Q =
ψ (r)
r
and
h = ln (r)
Then from (2.15), we deduce
(2.16)
 ∂hP = −2 (n− 1)
1+P 2
1−Q2 (P +Q)
∂hQ = P −Q
On the other hand, by (2.1), we can also deduce that
r ∂2rrr
α = −2 (n− 1)
(
∂rr
α +
rα
r
)
Let
P∗ = ∂rrα = αrα−1, Q∗ =
rα
r
= rα−1
and
h = ln (r)
Similarly, there holds
(2.17)

∂hP∗ = −2 (n− 1) (P∗ +Q∗)
∂hQ∗ = P∗ −Q∗
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Now subtract (2.17) from (2.16) to get
∂h (P − P∗) = −2 (n− 1) ((P − P∗) + (Q−Q∗))− 2 (n− 1) (P
2+Q2)(P+Q)
1−Q2
∂h (Q−Q∗) = (P − P∗)− (Q−Q∗)
Note that by (2.9) we have
lim
r→∞
ψ (r) − rα
rα
= 0 = lim
r→∞
∂rψ (r)− αrα−1
rα−1
which implies
P − P∗ = ∂rψ (r) − αrα−1 = o
(
rα−1
)
= o
(
e(α−1)h
)
Q−Q∗ = ψ(r)r − rα−1 = o
(
rα−1
)
= o
(
e(α−1)h
)
as h→∞. Now let
Θ =
 P − P∗
Q−Q∗
 , f (h) =
 −2 (n− 1) (P
2+Q2)(P+Q)
1−Q2
0

and
L =
 2 (n− 1) 2 (n− 1)
−1 1

Then we have
(2.18)

∂hΘ+LΘ = f
Θ(h) = o
(
e(α−1)h
)
as h→∞
Notice that
L =
 α α¯
1 1
 −α+ 1 0
0 −α¯+ 1
 α α¯
1 1
−1
where
α¯ =
− (2n− 3)−√4n2 − 20n+ 17
2
< α
and
|f (h)| ≤ C (n) e3(α−1)h for h ≥ ln
(
ψˆ (0)√
2
)
It follows that for any R > h ≥ ln
(
ψˆ(0)√
2
)
,
|Θ(h)| ≤ e(R−h)(−α+1) |Θ(R)| +
ˆ R
h
e(ξ−h)(−α+1) |f (ξ)| dξ
≤
(
e(−α+1)R |Θ(R)|
)
e(α−1)h + C (n) e3(α−1)h
Note that
Θ(R) = o
(
e(α−1)R
)
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as R→∞ by (2.18). Let Rր∞ to get
|Θ(h)| ≤ C (n) e3(α−1)h for h ≥ ln
(
ψˆ (0)√
2
)
which yields∣∣∂rψ (r) − αrα−1∣∣ + ∣∣∣∣ψ (r)r − rα−1
∣∣∣∣ ≤ C (n) r3(α−1) for r ≥ ψˆ (0)√2

3. Admissible mean curvature flow
Let n ≥ 5 be a positive integer and Λ = Λ (n)≫ 1, 0 < ρ≪ 1≪ β (depending on
n, Λ), t0 < 0 with |t0| ≪ 1 (depending on n, Λ, ρ, β) be constants to be determined.
Recall that an one-parameter family of smooth hypersurfaces {Σt}t0≤t≤t˚ in R2n,
where t˚ < 0 is a constant, is called a mean curvature flow (MCF) provided that
(3.1) ∂tXt ·NΣt = HΣt
where Xt is the position vector, NΣt and HΣt are the unit normal vector and mean
curvature of Σt, respectively. We define the MCF {Σt}t0≤t≤t˚ to be admissible
if every time-sclice Σt is a complete, embedded and smooth hypersurface which
satisfies
(1) Σt is O (n)×O (n) symmetric and it can be parametrized as
(3.2) Σt =
{
(x ν, uˆ (x, t)ω)
∣∣x ≥ 0; ν, ω ∈ Sn−1 }
where uˆ (x, t) is a smooth function which satisfies
(3.3) ∂t uˆ =
∂2xxuˆ
1 + (∂xuˆ)
2 + (n− 1)
(
∂xuˆ
x
− 1
uˆ
)
uˆ (0, t) > 0, ∂xuˆ (0, t) = 0
for t0 ≤ t ≤ t˚. Note that the above condition means that the projected
curve
(3.4) Σ¯t = {(x, uˆ (x, t))| x ≥ 0}
lives in the first quadrant and intersects orthogonally with the vertical ray
{ (0, x)| x > 0}.
(2) The projected curve Σ¯t is a graph over C¯ outside B
(
O; β (−t) 12+σ
)
, where
(3.5) σ = −1
2
+
2
1− α ∈
[
1
6
,
1
2
)
Equivalently, this is saying thatΣt is a normal graph over C outsideB
(
O; β (−t) 12+σ
)
.
In other words, we can reparametrize Σt by
(3.6) Xt (x, ν, ω) =
(
(x− u (x, t)) ν√
2
, (x+ u (x, t))
ω√
2
)
for x ≥ β (−t) 12+σ, ν, ω ∈ Sn−1, where u (x, t) is a smooth function satis-
fying
(3.7) ∂tu =
∂2xxu
1 + (∂xu)
2 + 2 (n− 1)
x∂xu+ u
x2 − u2
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(3) For the function u (x, t), there holds
(3.8) xi
∣∣∂ixu (x, t)∣∣ < Λ((−t)2 xα + x2λ2+1) , i ∈ {0, 1, 2}
for β (−t) 12+σ ≤ x ≤ ρ, t0 ≤ t ≤ t˚, where λ2 = 12 (α+ 3) is a constant (see
Proposition 3.1).
In order to analyze an admissible MCF, below we divide the space into three (time-
dependent) regions and do proper rescaling for small regions.
• The outer region – Σt \B
(
O;
√−t)
• The intermediate region – Σt∩
(
B
(
O;
√−t) \B (O; β (−t) 12+σ)): here
we perform the “type I” rescaling
(3.9) Πs =
1√−tΣt
∣∣∣∣
t=−e−s
By this rescaling, the intermediate region is then dilated to become
Πs ∩
(
B (O; 1) \B (O; βe−σs))
for s0 ≤ s ≤ s˚, where s0 = − ln (−t0) and s˚ = − ln
(−t˚). Note that s0 ≫ 1
iff |t0| ≪ 1.
• The tip region – Σt ∩ B
(
O; β (−t) 12+σ
)
: here we perform the “type II”
rescaling
(3.10) Γτ =
1
(−t) 12+σ
Σt
∣∣∣∣∣
t=−(2στ)−12σ
By this rescaling, the intermediate region is dilated to become
Γτ ∩B (O; β)
for τ0 ≤ τ ≤ τ˚ , where τ0 = 12σ(−t0)2σ , τ˚ =
1
2σ(−t˚)2σ
. Note that τ0 ≫ 1 iff
|t0| ≪ 1.
In the outer region, we parametrize Σt by
Xt (x, ν, ω) =
(
(x− u (x, t)) ν√
2
, (x+ u (x, t))
ω√
2
)
and study the function u (x, t) via (3.7). In B (O; ρ) \ B (O; √−t), Vela´zquez
showed that by choosing suitable initial data (see Section 4), there holds
u (x, t) ∼ x2λ2+1
However, the behavior outside B (O; ρ) was not clear in [V]. In this paper we
complete this part by providing smooth estimate for Σt \B (O; ρ).
In the intermediate region, we first do the type I rescaling and parametrize the
rescaled hypersurface Πs by
(3.11) Ys (y, ν, ω) =
(
(y − v (y, s)) ν√
2
, (y + v (y, s))
ω√
2
)
where
(3.12) v (y, s) =
1√−t u
(√−t y, t)∣∣∣∣
t=−e−s
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From (3.7), we derive
(3.13) ∂sv =
∂2yyv
1 + (∂yv)
2 + 2 (n− 1)
y ∂yv + v
y2 − v2 +
1
2
(−y ∂yv + v)
Notice that (3.8) is equivalent to
(3.14) yi
∣∣∂iyv (y, s)∣∣ < Λe−λ2s (yα + y2λ2+1) , i ∈ {0, 1, 2}
for βe−σs ≤ y ≤ ρe s2 , s0 ≤ s ≤ s˚. To study the function v (y, s), Vela´zquez
linearized (3.13) and showed that
v (y, s) ∼ e−λ2sϕ2 (y)
by (3.14) and the choice of initial data (see Section 4), where λ2 and ϕ2 (y) are the
first positive eigenvalue and eigenfunction of the linearized operator (see Proposition
3.1). More precisely, (3.13) can be rewritten as
(3.15) ∂sv = −Lv +Qv
where
(3.16) Lv = −
(
∂2yyv + 2 (n− 1)
y ∂yv + v
y2
+
1
2
(−y ∂yv + v)
)
= −
(
y2(n−1)e−
y2
4
)−1
∂y
(
y2(n−1)e−
y2
4 ∂yv
)
−
(
2 (n− 1)
y2
+
1
2
)
v
is the (negative) linearization of the RHS of (3.13), and
(3.17) Qv = − (∂yv)
2
1 + (∂yv)
2 ∂
2
yyv + 2 (n− 1)
(
v
y
)2
1−
(
v
y
)2 (∂yvy + vy2
)
is the remaining (quadratic) parts. Vela´zquez showed that the linear differential
operator L has the following properties (see [V]):
Proposition 3.1. Define an inner product
〈v1, v2〉 =
ˆ ∞
0
v1 (y) v2 (y) y
2(n−1)e−
y2
4 dy
and the associated norm
‖v‖ =
√
〈v, v〉
Let H be the Hilbert space formed by the completion of C∞c (R+) with respect to the
following inner product:
(v1, v2) ≡ 〈∂yv1, ∂yv2〉+ 〈v1, v2〉
Then we have ∥∥∥∥ vy
∥∥∥∥2 ≤ 4(2n− 3)2 ‖∂yv‖2 + 12n− 3 ‖v‖2
and L is a bounded linear operator in H, which satisfies
〈Lv1, v2〉 = 〈∂yv1, ∂yv2〉 − 2 (n− 1)
〈
v1
y
,
v2
y
〉
− 1
2
〈v1, v2〉
(3.18) 〈Lv, v〉 ≥ 4n
2 − 20n+ 17
(2n− 3)2 ‖∂yv‖
2 − 6n− 7
2 (2n− 3) ‖v‖
2
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Note that 4n2 − 20n+ 17 ≥ 1 if n ≥ 4.
Moreover, the eigenvalues and eigenfunctions of L are given by
(3.19) λi = −1
2
(1− α) + i, for i = 0, 1, 2, · · ·
and
ϕi (y) = ci y
αM
(
−i, n+ α− 1
2
;
y2
4
)
respectively, where ci > 0 is the normalized constant so that
‖ϕi‖ =
√〈
ϕi, ϕi
〉
= 1
and M (a, b; ξ) is the Kummer’s function defined by
M (a, b; ξ) = 1 +
∞∑
j=1
a (a + 1) · · · (a + j − 1)
b (b + 1) · · · (b + j − 1)
ξj
j!
and satisfying
ξ ∂2ξξM (a, b; ξ) + (b− ξ) ∂ξM (a, b; ξ) − aM (a, b; ξ) = 0
In addition, the family of eigenfunctions {ϕi}i=0, 1, 2,··· forms a complete orthonor-
mal set in H, and λ2 is the first positive eigenvalue of L, i.e.
λ0, λ1 < 0, λ2 > 0
Remark 3.2. The first three eigenfunctions of L are given by
ϕ0 (y) = c0 y
α
ϕ1 (y) = c1 y
α
(
1 + Υ1y
2
)
ϕ2 (y) = c2 y
α
(
1 + 2Υ1y
2 + Υ2y
4
)
where
Υ1 =
−1
4
(
n+ α− 12
) , Υ2 = 1
16
(
n+ α− 12
) (
n+ α+ 12
)
Note that
∂2yyϕ2 (y) = c2 y
α−2 (α (α− 1) + 2Υ1 (α+ 2) (α+ 1) y2 + Υ2 (α+ 4) (α+ 3) y4) > 0
for y > 0. In addition, for those constants, there hold
α+ 4 = 2λ2 + 1
σ =
λ2
1− α
Furthermore, when n≫ 1, we have
α ≈ −1− 1
n
, σ ≈ 1
2
− 1
2n
λ0 ≈ −1− 1
2n
, λ1 ≈ − 1
2n
, λ2 ≈ 1− 1
2n
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Lastly, in the tip region, we do the type II rescaling to get
(3.20) Γτ =
{
(z ν, wˆ (z, τ)ω)
∣∣ z ≥ 0; ν, ω ∈ Sn−1}
where
(3.21) wˆ (z, τ) =
1
(−t) 12+σ
uˆ
(
(−t) 12+σ z, t
)∣∣∣∣∣
t=−(2στ)−12σ
From (3.3) we derive
(3.22) ∂τ wˆ =
∂2zzwˆ
1 + (∂zwˆ)
2 + (n− 1)
(
∂zwˆ
z
− 1
wˆ
)
+
1
2 + σ
2στ
(−z ∂zwˆ + wˆ)
wˆ (0, τ) > 0, ∂zwˆ (0, τ) = 0
for τ0 ≤ τ ≤ τ˚ . Vela´zquez showed that by chooing suitable initial data (see Section
4), there holds
wˆ (z, τ)
C0loc−→ ψˆk (z)
for some k ≈ 1, where ψˆk is the function defined in Section 2. On the other hand,
by the admissible condition and rescaling, we can regard the rescaled projected
curve
(3.23) Γ¯τ = {(z, wˆ (z, τ)) | z ≥ 0}
as a graph over C¯ outside B (O; β). In other words, Γτ can be reparametrized as a
normal graph over C outside B (O; β), say
(3.24) Zτ (z, ν, ω) =
(
(z − w (z, τ)) ν√
2
, (z + w (z, τ))
ω√
2
)
for z ≥ β, where
w (z, τ) =
1
(−t) 12+σ
u
(
(−t) 12+σ z, t
)∣∣∣∣∣
t=−(2στ)− 12σ
(3.25) = eσs v
(
e−σsz, s
)∣∣
s= 12σ ln(2στ)
From (3.7) we derive
(3.26) ∂τw =
∂2zzw
1 + (∂zw)
2 + 2 (n− 1)
z ∂zw + w
z2 − w2 +
1
2 + σ
2στ
(−z ∂zw + w)
Notice that (3.8) is equivalent to
(3.27) zi
∣∣∂izw (z, τ)∣∣ < Λ
(
zα +
z2λ2+1
(2στ)
2
)
, i ∈ {0, 1, 2}
for β ≤ z ≤ ρ (2στ) 12+ 14σ , τ0 ≤ τ ≤ τ˚ .
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4. Construction of VelA´zquez’s solution
For readers’ convenience and also for the sake of the completeness of the argu-
ment, in this section we show how Vela´zquez’s solution is constructed. We basically
follow Vela´zquez’s idea in [V] and modify his proofs and estimates. Also, our setting
is slightly different from that in [V] since we assume more condtions in order to
get better results. The key step is Proposition 4.4 and Proposition 4.5. The main
theorem in this section is Theorem 4.8.
The idea is as follows. At the initial time t0, we would choose a bunch of “initial
hypersurfaces”
{
Σ
(a0, a1)
t0
}
(a0, a1)
(as candidates) and move each of them by the
mean curvature vector. We then manage to show that for each t˚ ∈ [t0, 0), there is
an index (a0, a1) for which the corresponding mean curvature flow
{
Σ
(a0, a1)
t
}
t≥t0
exits and is admissible up to time t˚. In addition, we would establish uniform
estimates for these solutions. Lastly, by the compactness theory, we then get a
solution to the MCF which exists and is admissible for t0 ≤ t < 0 and also admits
those uniform estimates.
Let’s start with choosing a proper family of initial hypersurfaces. Let{
Σ
(a0, a1)
t0
∣∣∣ (a0, a1) ∈ B2 (O; β2(α−1))}
be a continuous two-parameters family of complete, embedded and smooth hyper-
surfaces so that each element Σ
(a0, a1)
t0
is admissible at time t0 and satisfies
(1) The funtion v (y, s0) = v
(a0, a1) (y, s0) (defined in (3.11)) of the type I
rescaled hypersurface
Π(a0, a1)s0 =
1√−t0
Σ
(a0, a1)
t0
is given by
(4.1) v (y, s0) = e
−λ2s0
(
1
c2
ϕ2 (y) +
a1
c1
ϕ1 (y) +
a0
c0
ϕ0 (y)
)
= e−λ2s0yα
(
1 + a1 + a0 + (2 + a1)Υ1y
2 + Υ2y
4
)
for 12βe
−σs0 ≤ y ≤ 2ρe s02 (see Proposition 3.1 and Remark 3.2).
(2) The function u(x, t0) = u
(a0, a1)(x, t0) (defined in (3.6)) of Σ
(a0, a1)
t0
is cho-
sen to be
u(x, t0) ≈ Υ2x
2λ2+1
1 + x4
for x & ρ so that
(4.2)

|u (x, t0)| ≤ 15 min {x, 1}
|∂xu (x, t0)| ≤ 15∣∣∂2xxu (x, t0)∣∣ ≤ C (n, ρ)
for x ≥ 16ρ.
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(3) The function wˆ (·, τ0) = wˆ(a0, a1) (·, τ0) (defined in (3.20)) of the type II
rescaled hypersurface
Γ(a0, a1)τ0 =
1
(−t0)
1
2+σ
Σ
(a0, a1)
t0
is chosen to be
wˆ (z, τ0) ≈ ψˆ1+a1+a0 (z)
for 0 ≤ z . β so that
(4.3)

ψˆ
1−β 32α− 52 (z) < wˆ (z, τ0) < ψˆ1+β 32α− 52 (z)
0 = ∂zwˆ (0, τ0) ≤ ∂zwˆ (z, τ0) < 1
0 < ∂2zzwˆ (z, τ0) ≤ C (n)
for 0 ≤ z ≤ 5β. Furthermore, if we reparametrize the projected curve
Γ¯
(a0, a1)
τ0 as a graph over C¯, the function w(a0, a1) (z, τ0) = w (z, τ0) (defined
in (3.24)) satisfies
w (z, τ0) ≈ ψ1+a1+a0 (z)
for 1 . z . β so that
(4.4)

0 ≤ w (z, τ0) ≤ C (n) zα
|∂zw (z, τ0)| ≤ C (n) zα−1
0 < ∂2zzw (z, τ0) ≤ C (n) zα−2
for ψˆ2(0)√
2
≤ z ≤ 5β,
The following remark shows that (4.1) fits in with the admissible condition and is
compatible with (4.2).
Remark 4.1. By (3.12) and Remark 3.2, (4.1) is equivalent to
u (x, t0) = (−t)λ2+
1
2
(
1
c2
ϕ2
(
x√−t
)
+
a1
c1
ϕ1
(
x√−t
)
+
a0
c0
ϕ0
(
x√−t
))
= (1 + a1 + a0) (−t0)2 xα + (2 + a1)Υ1 (−t0)xα+2 + Υ2x2λ2+1
(4.5) = x2λ2+1
(
Υ2 + (2 + a1)Υ1
(−t0
x2
)
+ (1 + a1 + a0)
(−t0
x2
)2)
for 12β (−t0)
1
2+σ ≤ x ≤ 2ρ. In particular, there hold
xi
∣∣∂ixu (x, t)∣∣ ≤ C (n)((−t)2 xα + x2λ2+1) , i ∈ {0, 1, 2}
(4.6)
∣∣∣∣u (x, t0)x
∣∣∣∣ ≤ C (n) (βα−1 + ρ2λ2)
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for 12β (−t0)
1
2+σ ≤ x ≤ 2ρ. Thus, we may assume that
xi
∣∣∂ixu (x, t)∣∣ ≤ Λ3 ((−t)2 xα + x2λ2+1) , i ∈ {0, 1, 2}
for β (−t0)
1
2+σ ≤ x ≤ ρ, provided that Λ ≫ 1 (depending on n). Also by (4.2),
(4.3) and (4.6), we may assume that
uˆ (x, t0) > 0
for x ≥ 0, provided that 0 < ρ ≪ 1 ≪ β (depending on n). Furthermore, by (4.5)
we have
u (x, t0) = x
2λ2+1
(
Υ2 +O
(−t0
x2
))
for
√−t0 . x ≤ 2ρ, which is comparible with (4.2) provided that 0 < ρ ≪ 1
(depending on n) and |t0| ≪ 1 (depending on n, ρ).
The following remark shows that (4.1), (4.3) and (4.4) are compatible.
Remark 4.2. By (4.3), Γ¯
(a0, a1)
τ0 (see (3.23)) is a convex curve which lies between
M¯
1−β 32α− 52 and M¯1+β 32α− 52 (see (2.7)) and intersects orthogonally with the vertical
ray {(0, z)| z > 0}. Hence, if we reparametrize Γ¯(a0, a1)τ0 as a graph over C¯, it follows
that
ψ
1−β 32α− 52 (z) < w (z, τ0) < ψ1+β 32α− 52 (z)
Then (4.4) is compatible with (4.3) in view of Lemma 2.3.
On the other hand, by (3.25) and Remark 3.2, (4.1) is equivalent to
w (z, τ0) = (2στ0)
α
2
(
1
c2
ϕ2
(
z√
2στ0
)
+
1∑
i=0
ai
ci
ϕi
(
z√
2στ0
))
(4.7) = zα
(
1 + a1 + a0 + (2 + a1)Υ1
z2
2στ0
+ Υ2
(
z2
2στ0
)2)
for 12β ≤ z ≤ 2ρ (2στ0)
1
2+
1
4σ , which means
w (z, τ0) =
(
1 + a1 + a0 +O
(
z2
2στ0
))
zα
for 12β ≤ z ≤
√
2στ0. By Lemma 2.5, we then get
|w (z, τ0)− ψ (z)| ≤ |w (z, τ0)− zα| + |zα − ψ (z)|
≤
(
|a0|+ |a1|+ C (n)
(
z2
2στ0
+ z2(α−1)
))
zα ≤ C (n)β2(α−1)zα
for 12β ≤ z ≤ (2στ0)
1
3 , provided that β ≫ 1 (depending on n) and τ0 ≫ 1
(depending on n, β). Note also that Lemma 2.5 yields
ψ
1±β 32α− 52 (z)− ψ (z) =
(
±β 32α− 52 +O
(
z2(α−1)
))
zα
in which we have
3
2
α− 5
2
> 2 (α− 1)
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Consequently, we get
ψ
1−β 32α− 52 (z) < w (z, τ0) < ψ1+β 32α− 52 (z)
for 12β ≤ z ≤ (2στ0)
1
3 , provided that β ≫ 1 (depending on n) and τ0 ≫ 1 (depend-
ing on n, β).
Next, for each (a0, a1) ∈ B2
(
O; β2(α−1)
)
, by [EH] Σ
(a0, a1)
t0
can be flowed by (3.1)
for a short period of time. Let’s denote the corresponding solution by
{
Σ
(a0, a1)
t
}
.
Given t˚ ∈ [t0, 0), let Ot˚ be a set consisting of all (a0, a1) ∈ B2
(
O; β2(α−1)
)
for
which
• The corresponding mean curvature flow
{
Σ
(a0, a1)
t
}
exists for t0 ≤ t ≤ t˚
and can be extended beyond time t˚.
•
{
Σ
(a0, a1)
t
}
is admissible for t0 ≤ t ≤ t˚.
Clearly,
Ot0 = B2
(
O; β2(α−1)
)
and Ot˚ is non-increasing in t˚.
Now let ζ (r) be a smooth, non-decreasing function so that
(4.8) ζ (r) =

0, for r ≤ 0
1, for r ≥ 1
For each t ≥ t0, we define a map Φt : Ot → R2 by
(4.9) Φt (a0, a1) =
 〈ζ (eσsy − β) ζ (ρe s2 − y) v (·, s) , c0 ϕ0〉〈
ζ (eσsy − β) ζ (ρe s2 − y) v (·, s) , c1 ϕ1〉

∣∣∣∣∣∣
s=− ln(−t)
where the inner product 〈·, ·〉 is defined in Proposition 3.1 and v (y, s) = v(a0, a1) (y, s)
is the function of Π
(a0, a1)
s defined in (3.11) with s = − ln (−t). Note that the local-
ized function
v˜ (y, s) = ζ (eσsy − β) ζ (ρe s2 − y) v (y, s)
appeared in (4.9) is supported in
[
βe−σs, ρe
s
2
]
and would be studied carefully in
Proposition 6.4. When t = t0, we have the following lemma.
Lemma 4.3. If s0 ≫ 1 (depending on n, ρ, β), there hold∣∣∣〈ζ (eσs0y − β) ζ (ρe s02 − y)ϕi, ϕj〉− δij ∣∣∣ ≤ C (n) e−2(n+α− 12 )σs0∥∥∥(1− ζ (eσs0y − β) ζ (ρe s02 − y))ϕi∥∥∥ ≤ C (n) e−(n+α− 12 )σs0
for i, j ∈ {0, 1, 2}, where s0 = − ln (−t0) and ϕi is the ith eigenfunction of L (see
Proposition 3.1).
Proof. Notice that
〈ϕi, ϕj〉 = δij
and
ζ (eσs0y − β) ζ
(
ρe
s0
2 − y
)
→ 1 as s0 ր∞
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Then we compute ∣∣∣〈ζ (eσs0y − β) ζ (ρe s02 − y)ϕi, ϕj〉− δij∣∣∣
=
∣∣∣〈(1− ζ (eσs0y − β) ζ (ρe s02 − y))ϕi, ϕj〉∣∣∣
≤
ˆ (β+1)e−σs0
0
|ϕiϕj | y2(n−1)e−
y2
4 dy +
ˆ ∞
ρe
s0
2 −1
|ϕiϕj | y2(n−1)e−
y2
4 dy
≤ C (n)
(ˆ (β+1)e−σs0
0
y2αy2(n−1)dy +
ˆ ∞
ρe
s0
2 −1
y2λi+2λj+2y2(n−1)e−
y2
4 dy
)
≤ C (n) e−2(n+α− 12 )σs0
It follows that ∥∥∥(1− ζ (eσs0y − β) ζ (ρe s02 − y))ϕi∥∥∥2
=
〈(
1− ζ (eσs0y − β) ζ
(
ρe
s0
2 − y
))
ϕi,
(
1− ζ (eσs0y − β) ζ
(
ρe
s0
2 − y
))
ϕi
〉
≤
〈(
1− ζ (eσs0y − β) ζ
(
ρe
s0
2 − y
))
ϕi, ϕi
〉
≤ C (n) e−2(n+α− 12 )σs0

By (4.1) and Lemma 4.3, the function Φt0 converges uniformly to the identity
map in B
2 (
O; β2(α−1)
)
as t0 ր 0. Thus, if |t0| ≪ 1 (depending on n, β), we have
(0, 0) /∈ Φt0
(
∂ B
2
(
O; β2(α−1)
))
and
1 = deg
(
Id, B2
(
O; β2(α−1)
)
, (0, 0)
)
= deg
(
Φt0 , B
2
(
O; β2(α−1)
)
, (0, 0)
)
(4.10) = deg (Φt0 , Ot0 , (0, 0))
In addition, notice that Ot is an open subset of B2
(
O; β2(α−1)
)
(by the continuous
dependence on the initial data), and that Φt is continuous in the parameter t. Then
we consider the following index set
I = {t ∈ [t0, 0) | deg (Φt, Ot, (0, 0)) = 1}
Below are crucial a priori estimates of
{
Σ
(a0, a1)
t
}
t0≤t≤t1
for which
Φt1 (a0, a1) = (0, 0)
We leave the proof in Section 6, Section 7 and Section 8.
Proposition 4.4. Let n ≥ 5 be a positive integer and choose ς = ς (n) > 0,
ϑ = ϑ (n) ∈ (0, 1) so that
(4.11) 0 < ς < min
{
n+ α− 52
1− α ,
1
λ2
}
(4.12)
−1− α
1− α < ϑ < min
{
(1− α) ς
n+ α+ 32
,
1− α
2− α,
1
2σ
}
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Assume that (a0, a1) ∈ Ot1 for which
Φt1 (a0, a1) = (0, 0)
where t1 ∈ [t0, 0) is a constant. Suppose that
(a0, a1) ∈ Ot˚
for some t˚ ∈ [t1, e−1t1]. Then if Λ ≫ 1 (depending on n), 0 < ρ ≪ 1 ≪ β
(depending on n, Λ) and |t0| ≪ 1 (depending on n, Λ, ρ, β), we have the following
estimates.
1. The function uˆ (x, t) defined in (3.2) satisfies
(4.13) ∂2xxuˆ (x, t) ≥ 0
for 0 ≤ x ≤ ρ, t0 ≤ t ≤ t˚.
2. The function u (x, t) defined in (3.6) satisfies
(4.14)

|u (x, t)| ≤ 13 min {x, 1}
|∂xu (x, t)| ≤ 13∣∣∂2xxu (x, t)∣∣ ≤ C (n, ρ)
for x ≥ 13ρ, t0 ≤ t ≤ t˚, and
(4.15) xi
∣∣∂ixu (x, t)∣∣ ≤ Λ2 ((−t)2 xα + x2λ2+1) , i ∈ {0, 1, 2}
for β (−t) 12+σ ≤ x ≤ ρ, t0 ≤ t ≤ t˚.
3. In the tip region, if we do the type II rescaling, the rescaled function wˆ (z, τ)
defined in (3.21) satisfies
(4.16)

ψˆ1−2βα−3 (z) < wˆ (z, τ) < ψˆ1+2βα−3 (z)
0 ≤ ∂zwˆ (z, τ) ≤ 1 + βα−2∣∣∂2zzwˆ (z, τ)∣∣ ≤ C (n)
for 0 ≤ z ≤ 3β, τ0 ≤ τ ≤ τ˚ , where τ˚ = 1
2σ(−t˚)2σ
.
Furthermore, we have the following asymptotic formulas and smooth estimates
for the solution in Proposition 4.4.
Proposition 4.5. Under the hypothesis of Proposition 4.4, there is
k ∈
(
1− C (n, Λ, ρ, β) (−t0)ςλ2 , 1 + C (n, Λ, ρ, β) (−t0)ςλ2
)
so that for any given 0 < δ ≪ 1, m, l ∈ Z+, the following smooth estimates hold.
1. In the outer region, the function u(x, t) of Σ
(a0, a1)
t defined in (3.6) satisfies
(4.17)
∣∣∂mx ∂ltu(x, t)∣∣ ≤ C (n, ρ, δ, m, l)
for x ≥ 12ρ, t0 + δ2 ≤ t ≤ t˚, and
(4.18)
xm+2l
∣∣∣∣∂mx ∂lt (u (x, t)− kc2 (−t)λ2+ 12 ϕ2
(
x√−t
))∣∣∣∣ ≤ C (n, Λ, δ, m, l) ρ4λ2 x2λ2+1
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for (x, t) satisfying 12
√−t ≤ x ≤ 34ρ, t0 + δ2x2 ≤ t ≤ t˚. Note that
k
c2
(−t)λ2+ 12 ϕ2
(
x√−t
)
= kx2λ2+1
(
Υ2 + 2Υ1
−t
x2
+
(−t
x2
)2)
(see Proposition 3.1 and Remark 3.2).
2. In the intermediate region, if we rescale the hypersurface by the type I
rescaling (see (3.9)), then the function v (y, s) of the rescaled hypersurface Π
(a0, a1)
s
defined in (3.11) satisfies
(4.19)
ym+2l
∣∣∣∣∂my ∂ls(v (y, s)− kc2 e−λ2sϕ2 (y)
)∣∣∣∣ ≤ C (n, Λ, δ, m, l) e−κse−λ2syα+2
for (y, s) satisfying e−ϑσs ≤ y ≤ 2, s0 + δ2y2 ≤ s ≤ s˚, and
(4.20)
ym+2l
∣∣∂my ∂ls (v (y, s)− e−σs ψk (eσsy))∣∣ ≤ C (n, Λ, δ, m, l)βα−3e−2̺σ(s−s0)e−λ2syα
for (y, s) satisfying 32βe
−σs ≤ y ≤ e−ϑσs, s0 + δ2y2 ≤ s ≤ s˚, where s˚ = − ln
(−t˚)
and
(4.21) κ = min
{
ςλ2 − ϑσ
(
n+ α+
3
2
)
,
ςλ2
2
, 2 (λ2 + (α− 2)ϑσ)
}
> 0
(4.22) ̺ = 1− 1
2
(1− α) (1− ϑ) ∈ (0, ϑ)
are constants. Note that
k
c2
e−λ2sϕ2 (y) = ke−λ2syα
(
1 + 2Υ1y
2 + Υ2y
4
)
e−σs ψk (eσsy) = ke−λ2syα
(
1 +O
(
(eσsy)−2(1−α)
))
(see Proposition 3.1 and (2.8) ).
3. In the tip region, if we rescale the hypersurface by the type II rescaling (see
(3.10)), then the function wˆ (z, τ) of the rescaled hypersurface Γ
(a0, a1)
τ defined in
(3.20) satisfies
(4.23) δm+2l
∣∣∣∂mz ∂lτ (wˆ (z, τ) − ψˆk (z))∣∣∣ ≤ C (n, m, l)βα−3( ττ0
)−̺
for 0 ≤ z ≤ 2β, τ0 + δ2 ≤ τ ≤ τ˚ , where τ˚ = 1
2σ(−t˚)2σ
.
Remark 4.6. By Proposition 4.4, Proposition 4.5 and [EH], we may infer that if
(a0, a1) ∈ Ot1 and
Φt1 (a0, a1) = (0, 0)
then (a0, a1) ∈ Oe−1t1 . In other words, Σ(a0, a1)t0 is a “good” candidate of initial
hypersurfaces to flow.
We then have the following corollary.
Corollary 4.7. If |t0| ≪ 1 (depending on n), then we have I = [t0, 0).
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Proof. Notice that by (4.10) we have t0 ∈ I. Then we would like to prove the
corollary by induction.
Assume that t1 ∈ I. The goal is to show that t2 ∈ I for any t2 ∈
[
t1, e
−1t1
]
.
By definition, there holds
deg (Φt1 , Ot1 , (0, 0)) = 1
It follows that there is (a0, a1) ∈ Ot1 for which
Φt1 (a0, a1) = (0, 0)
By Remark 4.6, we then have (a0, a1) ∈ Ot2 and (0, 0) /∈ Φt (∂Ot2) for all t1 ≤ t ≤
t2. Consequently, Ot2 is non-empty and the degree of Φt at (0, 0) is well defined in
Ot2 for each t1 ≤ t ≤ t2. Since Φt is continuous in t, by the homotopy invariance
of degree, there holds
deg (Φt2 , Ot2 , (0, 0)) = deg (Φt1 , Ot2 , (0, 0))
In addition, by Remark 4.6, (0, 0) /∈ Φt1 (Ot1 \ Ot2), which, by the excision property
of degree, implies that
deg (Φt1 , Ot2 , (0, 0)) = deg (Φt1 , Ot1 , (0, 0)) = 1
Therefore, we get t2 ∈ I. 
Now we are ready to prove the existence theorem of Vela´zquez’s solution.
Theorem 4.8. Let n ≥ 5 be a positive integer. If |t0| ≪ 1 (depending on n), there
is an admissible mean curvature flow {Σt}t0≤t<0 (see Section 3) for which the
the functions uˆ(x, t) and u(x, t) (defined in (3.2) and (3.6), respectively) satisfy
(4.13) and (4.14). Besides, in the tip region, if we perform the type II rescaling,
the rescaled function wˆ (·, τ) (defined in (3.21)) satisfies (4.16).
In addition, there is
k ∈
(
1− C (n) (−t0)ςλ2 , 1 + C (n) (−t0)ςλ2
)
so that for any given 0 < δ ≪ 1, m, l ∈ Z+, there hold
1. In the outer region, the function u(x, t) of Σt defined in (3.6) satisfies
(4.17) and (4.18).
2. In the intermediate region, if we do the type I rescaling, the function
v (y, s) of the rescaled hypersurface Πs defined in (3.11) satisfies (4.19) and (4.20).
3. In the tip region, if we do the type II rescaling, the function wˆ (·, τ) of the
rescaled hypersurface Γτ defined in (3.20) satisfies (4.23).
Proof. Let ti > t0 be a sequence so that ti ր 0. By Corollary 4.7, there is
(
ai0, a
i
1
) ∈
Oti for which
Φti
(
ai0, a
i
1
)
= (0, 0)
By the uniform estimates in Proposition 4.4 and Proposition 4.5, we may assume
(by passing to a subsequence) that as i→∞,
k(a
i
0, a
i
1) → k
and the functions
{
uˆ(a
i
0, a
i
1) (x, t)
}
and
{
u(a
i
0, a
i
1) (x, t)
}
of Σ
(ai0, a
i
1)
t (defined in
(3.2) and (3.6)) converge locally smoothly to uˆ (x, t) and u (x, t), respectively. The
conclusion follows immediately by passing the uniform estimates (in Proposition
4.4 and Proposition 4.5) to limit. 
ANALYSIS OF VELA´ZQUEZ’S SOLUTION TO THE MCF 23
Remark 4.9. Let {Σt}t0≤t<0 be Vela´zquez’s solution in Theorem 4.8. From (3.11),
(3.12), (4.18) and (4.19), the type I rescaled hypersurfaces Πs (see (3.9)) converges
smoothly to C on any fixed annulus centered at O, i.e. for any 0 < r < R <∞,
Πs
C∞−→ C in B (O; R) \B (O; r)
as s ր ∞. Likewise, from (3.20), (3.24), (3.25), (4.20) and (4.23), the type II
rescaled hypersurfaces Γτ (see (3.10)) converges to Mk locally smoothly, i.e.
Γτ
C∞loc−→ Mk
In addition, by the admissible conditions, the projected curve Σ¯t (see (3.4)) is a
graph over C¯ outside B
(
O; β (−t) 12+σ
)
. By (4.13) and the admissible conditions,
we know that inside B
(
O; β (−t) 12+σ
)
, Σ¯t is a convex curve which intersects or-
thogonally with the vertical ray {(0, x)| x > 0}; moreover, if we zoom in at O by
the type II rescaling, by (2.4) and (6.8), the rescaled curve Γ¯τ (see 3.23) lies above
C¯ and tends to it for z ր β. Therefore, Γ¯τ is a graph over C¯ inside B (O; β), which
in turn implies that Σ¯t is also graph over C¯ inside B
(
O; β (−t) 12+σ
)
. Hence, we
get
Σ¯t = {(x, uˆ (x, t))| x ≥ 0}
=
{(
(x− u (x, t)) 1√
2
, (x+ u (x, t))
1√
2
)∣∣∣∣ x ≥ uˆ (0, t)√2
}
5. Type II singularity and blow-up of the mean curvature
In this section we explain why Vela´zquez’s solution (see Theorem 4.8) develops
a type II singularity at the origin and why its mean curvature blows up as t ր 0.
The lower bound for the blow-up rate of the second fundamental form is already
shown in [V], while the upper bound (of the second fundamental form) and the
blow-up of the mean curvature are new results.
To estimate the second fundamental form and mean curvature, we would use
the asymptotic formulas in Theorem 4.8 to examine the solution in each region
separately. Let’s start with analyzing the outer region by (3.6), (4.14) and (4.15).
Proposition 5.1. Let {Σt}t0≤t<0 be Vela´zquez’s solution in Theorem 4.8. In the
outer region, the second fundamental form of Σt is bounded by
√−t |AΣt | ≤ C (n)
for 12 t0 ≤ t < 0.
Proof. In the outer region, we parametrize Σt by (3.6). The second fundamental
form is then given by
AΣt =
1√
1 + (∂xu)
2

∂2xxu
1+(∂xu)
2
1+∂xu
x−u In−1 −1+∂xu
x+u In−1

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By (4.14) and (4.15), we have
max
{∣∣∣u(x, t)x ∣∣∣ , |∂xu (x, t)|} ≤ 13∣∣∂2xxu (x, t)∣∣ ≤ C (n)
for x ≥ √−t, 12 t0 ≤ t < 0. The conclusion follows immediately. 
In the intermediate region, we first do the type I rescaling and study the rescaled
hypersurface by (3.11), (3.12), (4.15), (4.19) and (4.20). Then we undo the rescaling
to get the estimates for the solution.
Proposition 5.2. Let {Σt}t0≤t<0 be Vela´zquez’s solution in Theorem 4.8. In the
intermediate region, the second fundamental form and the mean curvature of Σt
are bounded by
(−t) 12+σ |AΣt | ≤ C (n)
(−t) 12+(1−2̺)σ |HΣt | ≤ C (n, t0)
for 12 t0 ≤ t < 0, where 0 < σ < 12 and 0 < ̺ < 1 are constants defined in (3.5) and
(4.22), respectively.
Proof. In the intermediate region, we rescale Vela´zquez’s solution by
Πs =
1√−tΣt
∣∣∣∣
t=−e−s
which can be parametrized by (3.11). The second fundamental form and the mean
curvature of Πs are then given by
AΠs =
1√
1 + (∂yv)
2

∂2yyv
1+(∂yv)
2
1+∂yv
y−v In−1
−1+∂yv
y+v In−1

HΠs =
1√
1 + (∂yv)
2
(
∂2yyv
1 + (∂yv)
2 + 2 (n− 1)
y ∂yv + v
y2 − v2
)
=
1√
1 + (∂yv)
2
(
∂sv − 1
2
(−y ∂yv + v)
)
By (3.12) and (4.15), we have
max
{∣∣∣v(y, t)y ∣∣∣ , |∂yv (y, s)|} ≤ C (n) e−λ2syα−1 ≤ 13∣∣∂2yyv (y, s)∣∣ ≤ C (n) (e−λ2syα−1) y−1 ≤ C (n) eσs
for βe−σs ≤ y ≤ 1, − ln (− 12 t0) ≤ s <∞. Thus, we get
|AΠs | ≤ C (n) eσs
in the intermediate region for − ln (− 12 t0) ≤ s <∞.
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As for the mean curvature, notice that
v (y, s) ≈

k
c2
e−λ2s ϕ2 (y) for e−ϑσs ≤ y ≤ 1
e−σs ψk (eσsy) for βe−σs ≤ y ≤ e−ϑσs
We then compute (
∂s +
y
2
∂y − 1
2
)(
k
c2
e−λ2sϕ2 (y)
)
=
(
∂s +
y
2
∂y − 1
2
)(
ke−λ2syα
(
1 + 2Υ1y
2 + Υ2y
4
))
= −2ke−λ2syα (1 + Υ1y2)
and (
∂s +
y
2
∂y − 1
2
)(
e−σs ψk (eσsy)
)
= −
(
1
2
+ σ
)
e−σs (ψk (z)− z ∂zψk (z))
∣∣∣∣
z=eσsy
= −
(
1
2
+ σ
)
e−σs
(
(1− α) k (eσsy)α +O
(
(eσsy)
3α−2
))
= −2ke−λ2syα
(
1 +O
(
(eσsy)−2(1−α)
))
It follows, by (4.19) and (4.20), that∣∣∣∣(∂s + y2 ∂y − 12
)
v (y, s)
∣∣∣∣
≤
∣∣∣∣(∂s + y2 ∂y − 12
)(
k
c2
e−λ2sϕ2 (y)
)∣∣∣∣ + C (n, t0) e−κs (e−λ2syα)
≤ ∣∣−2ke−λ2syα (1 + Υ1y2)∣∣ + C (n, t0) e−κs (e−λ2syα)
≤ C (n, t0) e−λ2syα ≤ C (n, t0)
for e−ϑσs ≤ y ≤ 1, − ln (− 12 t0) ≤ s <∞, and∣∣∣∣(∂s + y2 ∂y − 12
)
v (y, s)
∣∣∣∣
≤
∣∣∣∣(∂s + y2 ∂y − 12
)(
e−σs ψk (eσsy)
)∣∣∣∣ + C (n, t0) e−2̺σs (e−λ2syα−2)
≤
∣∣∣−2ke−λ2syα (1 +O ((eσsy)−2(1−α)))∣∣∣ + C (n, t0) (e−λ2syα−1) (e−2̺σsy−1)
≤ C (n, t0) e−λ2syα−1
(
y + e−2̺σsy−1
) ≤ C (n, t0) e(1−2̺)σs
for βe−σs ≤ y ≤ e−ϑσs, − ln (− 12 t0) ≤ s <∞. Consequently,
|HΠs | =
∣∣∂sv − 12 (−y ∂yv + v)∣∣√
1 + |∂yv|2
≤ C (n, t0) e(1−2̺)σs
Lastly, by the relation
AΠs (y) =
√−t AΣt
(√−t y)∣∣
t=−e−s
HΠs (y) =
√−t HΣt
(√−t y)∣∣
t=−e−s
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the conclusion follow easily. 
In the tip region, we do the type II rescaling and study the rescaled hypersurface
by (3.20), (4.16) and (4.23). Then we undo the rescaling to get estimates of the
solution.
Proposition 5.3. Let {Σt}t0≤t<0 be Vela´zquez’s solution in Theorem 4.8. In the
tip region, the second fundamental form and the mean curvature of Σt satisfy
1
C (n)
≤ (−t) 12+σ |AΣt | ≤ C (n)
(−t) 12+(1−2̺)σ |HΣt | ≤ C (n, t0)
for 12 t0 ≤ t < 0, where 0 < σ < 12 and 0 < ̺ < 1 are constants defined in (3.5) and
(4.22), respectively.
Proof. In the tip region, we first rescale Vela´zquez’s solution by
Γτ =
1
(−t) 12+σ
Σt
∣∣∣∣∣
t=−(2στ)−12σ
which can be parametrized by (3.20). Then the second fundamental form and the
mean curvature of Γτ are given by
AΓτ =
1√
1 + |∂zwˆ|2
 ∂
2
zzwˆ
1+|∂zwˆ|2
∂zwˆ
z
In−1
−1
wˆ
In−1

HΓτ =
1√
1 + (∂zwˆ)
2
(
∂2zzwˆ
1 + (∂zwˆ)
2 + (n− 1)
(
∂zwˆ
z
− 1
wˆ
))
=
1√
1 + (∂zwˆ)
2
(
∂τ wˆ −
1
2 + σ
2στ
(−z ∂zwˆ + wˆ)
)
By (4.16), we have
1
C (n)
≤ wˆ (z, τ) ≤ C (n)
|∂zwˆ (z, τ)| +
∣∣∂2zzwˆ (z, τ)∣∣ ≤ C (n)
for 0 ≤ z ≤ β, 12σ
(− 12 t0)−2σ ≤ τ <∞. Thus, we get
1
C (n)
≤ |AΓτ | ≤ C (n)
As for the mean curvature, note, from (2.6), that∣∣∣∣(∂τ + 12 + σ2στ z ∂z − 12 + σ2στ
)
ψˆk (z)
∣∣∣∣ = ∣∣∣∣− 12 + σ2στ (ψˆk (z)− z ∂zψˆk (z))
∣∣∣∣ ≤ C (n)2στ
By (4.23), we get ∣∣∣∣(∂τ + 12 + σ2στ z ∂z − 12 + σ2στ
)
wˆ (z, τ)
∣∣∣∣
≤
∣∣∣∣(∂τ + 12 + σ2στ z ∂z − 12 + σ2στ
)
ψˆk (z)
∣∣∣∣ + C (n, t0) (2στ)−̺
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≤ C (n, t0) (2στ)−̺
Thus,
|HΓτ | =
∣∣∣∂τ wˆ − 12+σ2στ (−z ∂zwˆ + wˆ)∣∣∣√
1 + (∂zwˆ)
2
≤ C (n, t0) (2στ)−̺
The conclusion follows by noting that
AΓτ (z) = (−t)
1
2+σ AΣt
(
(−t) 12+σ z
)∣∣∣
t=−(2στ)−12σ
HΓτ (z) = (−t)
1
2+σ HΣt
(
(−t) 12+σ z
)∣∣∣
t=−(2στ)−12σ

Lastly, we would like to show that the mean curvature blows up in the tip region
at a rate at least 1
(−t) 12−σ
as tր 0.
Proposition 5.4. Let {Σt}t0≤t<0 be Vela´zquez’s solution in Theorem 4.8. Let
HΣt (x) be the mean curvature of Σt at
Xt (x, ν, ω) = (x ν, uˆ (x, t)ω)
(see (3.2)). Then for any z ≥ 0, there holds
lim sup
tր0
(−t) 12−σ
∣∣∣HΣt ((−t) 12+σ z)∣∣∣ > 0
Proof. Note that
HΣt =
1√
1 + (∂xuˆ)
2
(
∂2xxuˆ
1 + (∂xuˆ)
2 + (n− 1)
(
∂xuˆ
x
− 1
uˆ
))
(5.1) =
∂tuˆ√
1 + (∂xuˆ)
2
We claim that for any z ≥ 0, there holds
(5.2) lim sup
tր0
∣∣∣∂tuˆ((−t) 12+σ z, t)∣∣∣
(−t)− 12+σ
> 0
The conclusion follows immediately from (4.16), (5.1) and (5.2).
To prove (5.2), we use a contradiction argument. Suppose that there is z ≥ 0 so
that
lim sup
tր0
∣∣∣∂tuˆ((−t) 12+σ z, t)∣∣∣
(−t)− 12+σ
= 0
then obviously,
(5.3) lim
tր0
∣∣∣∂tuˆ((−t) 12+σ z, t)∣∣∣
(−t)− 12+σ
= 0
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Recall that by (4.23), we have
1
(−t) 12+σ
uˆ
(
(−t) 12+σ z, t
)
= wˆ
(
z,
1
2σ (−t)2σ
)
→ ψˆk (z) as tր 0
It follows, by L’Hoˆpital’s rule, that
ψˆk (z) = lim
tր0
uˆ
(
(−t) 12+σ z, t
)
(−t) 12+σ
= lim
tր0
 ∂tuˆ
(
(−t) 12+σ z, t
)
− (12 + σ) (−t)− 12+σ + z ∂zwˆ
(
z,
1
2σ (−t)2σ
)
Notice that the limit on the RHS exists because of (4.23) and (5.3), so L’Hoˆpital’s
rule is applicable here. Thus, we get
lim
tր0
∂tuˆ
(
(−t) 12+σ z, t
)
− ( 12 + σ) (−t)− 12+σ = ψˆk (z)− z ∂zψˆk (z) > 0
by (2.5), which contradicts with (5.3). 
6. C0 estimates in Proposition 4.4 and Proposition 4.5
Starting from this section, we are devoted to prove Proposition 4.4 and Propo-
sition 4.5. From now on, we focus on the estimate of the admissible MCF{
Σ
(a0, a1)
t
}
t0≤t≤t˚
for which
(6.1) Φt1 (a0, a1) = (0, 0)
where t0 ≤ t1 ≤ t˚ < 0 are constants and t˚ ≤e−1t1. In this section, we would show
that if 0 < ρ≪ 1≪ β (depending on n, Λ) and |t0| ≪ 1 (depending on n, Λ, ρ, β)
, there holds
(6.2)
√
a20 + a
2
1 ≤ C (n, Λ, ρ, β) (−t0)ςλ2
where ς > 0 is a constant defined in (4.11). Moreover, there is
(6.3) k ∈
(
1− C (n, Λ, ρ, β) (−t0)ςλ2 , 1 + C (n, Λ, ρ, β) (−t0)ςλ2
)
so that the following hold.
(1) In the outer region, the function u (x, t) of Σ
(a0, a1)
t defined in (3.6) sat-
isfies
(6.4) |u(x, t)− u(x, t0)| ≤ C (n)
√
t− t0
for x ≥ 15ρ, t0 ≤ t ≤ t˚, and
(6.5)
∣∣∣∣u (x, t)− kc2 (−t)λ2+ 12 ϕ2
(
x√−t
)∣∣∣∣ ≤ C (n, Λ, ρ, β) (−t0)κ x2λ2+1
for 13
√−t ≤ x ≤ ρ, t0 ≤ t ≤ t˚, where κ > 0 is a constant defined in (4.21).
Note that
k
c2
(−t)λ2+ 12 ϕ2
(
x√−t
)
= kx2λ2+1
(
Υ2 + 2Υ1
(−t
x2
)
+
(−t
x2
)2)
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(2) In the intermediateregion, if we do the type I rescaling, the function
v (y, s) of the rescaled hypersurface Π
(a0, a1)
s defined in (3.11) satisfies
(6.6)
∣∣∣∣v (y, s)− kc2 e−λ2sϕ2 (y)
∣∣∣∣ ≤ C (n, Λ, ρ, β) e−κs (e−λ2syα+2)
for 12e
−ϑσs ≤ y ≤ √ςλ2s, s0 ≤ s ≤ s˚, and
(6.7)
∣∣(v (y, s) − e−σs ψk (eσsy))∣∣ ≤ C (n)βα−3e−2̺σ(s−s0) (e−λ2syα)
for 43βe
−σs ≤ y ≤ 12e−ϑσs, s0 ≤ s ≤ s˚, where s˚ = − ln
(−t˚) and 0 < ̺ <
ϑ < 1 are constants (see (4.12) and (4.22) for definition). Note that
k
c2
e−λ2sϕ2 (y) = ke−λ2syα
(
1 + 2Υ1y
2 + Υ2y
4
)
e−σs ψk (eσsy) = ke−λ2syα
(
1 +O
(
(eσsy)
−2(1−α)
))
(3) In the tip region, if we do the type II rescaling, the function wˆ (z, τ) of
the rescaled hypersurface Γ
(a0, a1)
τ defined in (3.20) satisfies
(6.8) ψˆ(
1−βα−3
(
τ
τ0
)−̺)
k
(z) ≤ wˆ (z, τ) ≤ ψˆ(
1+βα−3
(
τ
τ0
)−̺)
k
(z)
for 0 ≤ z ≤ (2στ) 12 (1−ϑ), τ0 ≤ τ ≤ τ˚ , where τ˚ = 1
2σ(−t˚)2σ
.
To achieve that, we first establish (6.6) (see Proposition 6.4) by using the energy
estimate and Sobolev inequality. Next, we use the comparison principle and the
boundary values of (6.6) to show (6.5) (see Proposition 6.5) and (6.8) (see Propo-
sition 6.6). Then we use (6.8) to deduce (6.7) by rescaling and analyzing the
projected curves. Lastly, we use the gradient and curvature estimates in [EH] to
prove (6.4) (see Proposition 6.7). The ideas of proving (6.5), (6.6) and (6.8) are
due to Vela´zquez (see [V]). Here we improve his estimates to get better results.
Remark 6.1. By the above C0 estimates, we deduce that
−2 (Υ 21 − Υ2)x2λ2+1 ≤ u (x, t) ≤ 2 (1 + 2Υ1 + Υ2)x2λ2+1
for
√−t ≤ x ≤ ρ, t0 ≤ t ≤ t˚, and
2 (1 + 2Υ1 + Υ2) e
−λ2syα ≤ v (y, s) ≤ 2e−λ2syα
for 43βe
−σs ≤ y ≤ 1, s0 ≤ s ≤ s˚, provided that β ≫ 1 (depending on n) and
|t0| ≪ 1 (depending on n, Λ, ρ, β). In Section 8, we would use these etstimates to
choose the constant Λ = Λ (n).
In order to prove (6.6), we need the following two lemmas. The first lemma is
the energy estimates for solutions to a parabolic equation associated with the linear
operator L (see (3.16)). Recall that in Proposition 3.1, the eigenvalues of L satisfy
λi ≥ λ3 > 1 for i ≥ 3.
Lemma 6.2. Let H∗ be the closed subspace of H (see Proposition 3.1) spanned by
eigenfunctions {ϕi}i≥3 of L. Given
f (·, s) ∈ L2
(
[s0, s˚] ; L
2
(
R+, y
2(n−1)e−
y2
4 dy
))
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and h ∈ H∗, let v (·, s) ∈ C ([s0, s˚] ; H∗) be the weak solution of
(6.9)

(∂s + L) v (·, s) = f (·, s) for s0 ≤ s ≤ s˚
v (·, s0) = h
Then for any 0 < δ < 1, there hold
‖v (·, s)‖2
≤ e−2(1−δ)λ3(s−s0) ‖v (·, s0)‖2 + 1
2δλ3
ˆ s
s0
e−2(1−δ)λ3(s−ξ) ‖f (·, ξ)‖2 dξ
and
〈Lv (·, s) , v (·, s)〉
≤ e−2(1−δ)λ3(s−s0) 〈Lh, h〉 + 1
2δ
ˆ s
s0
e−2(1−δ)λ3(s−ξ) ‖f (·, ξ)‖2 dξ
for s0 ≤ s ≤ s˚, where the inner product 〈·, ·〉 and the corresponding norm ‖·‖ are
defined in Proposition 3.1.
Proof. Let {vm}m≥3 be the Galerkin’s approximation of v. Namely,
vm (y, s) =
m∑
i=3
(
e−λi(s−s0) 〈h, ϕi〉+
ˆ s
s0
e−λi(s−ξ) 〈f (·, ξ) , ϕi〉 dξ
)
ϕi (y)
Then we have
∂svm (·, s) + Lvm (·, s) = fm (·, s) for s0 ≤ s ≤ s˚
vm (·, s0) =
∑m
i=3 〈h, ϕi〉ϕi → h in H∗
where
fm (·, s) =
m∑
i=3
〈f (·, s) , ϕi〉ϕi → f (·, s) in L2
(
[s0, s˚] ; L
2
(
R+, y
2(n−1)e−
y2
4 dy
))
It follows that
〈∂svm (·, s) , vm (·, s)〉+ 〈Lvm (·, s) , vm (·, s)〉 = 〈fm (·, s) , vm (·, s)〉
which, by Cauchy-Schwarz inequality, yields
1
2
∂s ‖vm (·, s)‖2 + λ3 ‖vm (·, s)‖2 ≤ δλ3 ‖vm (·, s)‖2 + 1
4δλ3
‖fm (·, s)‖2
⇔ ∂s ‖vm (·, s)‖2 ≤ −2 (1− δ)λ3 ‖vm (·, s)‖2 + 1
2δλ3
‖fm (·, s)‖2
for any 0 < δ < 1. Thus, by integrating the inquality with repect to s, we get
(6.10) ‖vm (·, s)‖2
≤ e−2(1−δ)λ3(s−s0) ‖vm (·, s0)‖2 + 1
2δλ3
ˆ s
s0
e−2(1−δ)λ3(s−ξ) ‖fm (·, ξ)‖2 dξ
for s0 ≤ s ≤ s˚.
Similarly, we have
〈∂svm (·, s) , ∂svm (·, s)〉+ 〈Lvm (·, s) , ∂svm (·, s)〉 = 〈fm (·, s) , ∂svm (·, s)〉
Substitute ∂svm (·, s) = −Lvm (·, s) + fm (·, s) into the above equation to get
1
2
∂s 〈Lvm (·, s) , vm (·, s)〉 = −〈Lvm (·, s) , Lvm (·, s)〉+ 〈Lvm (·, s) , fm (·, s)〉
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By Cauchy-Schwarz inequality, we get
∂s 〈Lvm (·, s) , vm (·, s)〉
≤ −2 (1− δ) 〈Lvm (·, s) , Lvm (·, s)〉+ 1
2δ
‖fm (·, s)‖2
≤ −2 (1− δ)λ3 〈Lvm (·, s) , vm (·, s)〉+ 1
2δ
‖fm (·, s)‖2
for any 0 < δ < 1. Thus, we have
(6.11) 〈Lvm (·, s) , vm (·, s)〉
≤ e−2(1−δ)λ3(s−s0) 〈Lvm (·, s0) , vm (·, s0)〉 + 1
2δ
ˆ s
s0
e−2(1−δ)λ3(s−ξ) ‖fm (·, ξ)‖2 dξ
for s0 ≤ s ≤ s˚.
On the other hand, for any m, l ≥ 3, there holds
∂s (vm (·, s)− vl (·, s)) + L (vm (·, s)− vl (·, s)) = fm (·, s)− fl (·, s)
By the same arguments as above, for any 0 < δ < 1, we can deduce that
(6.12) ‖vm (·, s)− vl (·, s)‖2
≤ e−2(1−δ)λ3(s−s0) ‖vm (·, s0)− vl (·, s0)‖2
+
1
2δλ3
ˆ s
s0
e−2(1−δ)λ3(s−ξ) ‖fm (·, ξ)− fl (·, ξ)‖2 dξ
and
(6.13) 〈L (vm (·, s)− vl (·, s)) , (vm (·, s)− vl (·, s))〉
≤ e−2(1−δ)λ3(s−s0) 〈L (vm (·, s0)− vl (·, s0)) , vm (·, s0)− vl (·, s0)〉
+
1
2δ
ˆ s
s0
e−2(1−δ)λ3(s−ξ) ‖fm (·, ξ)− fl (·, ξ)‖2 dξ
for s0 ≤ s ≤ s˚. Therefore, by (3.18), (6.12), (6.13) and the uniqueness of weak
solutions, we get
vm → v in C ([s0, s˚] ; H∗)
The conclusion follows by passing (6.10) and (6.11) to limit. 
The second lemma is a Sobolev type inequality for functions in H, which is the
Hilbert space defined in Proposition 3.1.
Lemma 6.3. Functions in H are actually continuous, i.e., H ⊂ C (R+). Moreover,
for any v ∈ H, there holds
|v (y)| ≤ C (n)
(
1
yn−
1
2
+ e
(y+1)2
4
)
(‖∂yv‖+ ‖v‖)
for y > 0.
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Proof. Let’s first assume that v ∈ C1 (R+) ∩H.
For each 0 < y ≤ 1, by the fundamental theorem of calculus, we have
v (y) = v (z) +
ˆ y
z
∂yv (ξ) dξ ∀ y
2
≤ z ≤ y
which, by Ho¨lder’s inequality, implies
|v (y)|2 ≤ C
(
|v (z)|2 + y
ˆ y
y
2
|∂yv (ξ)|2 dξ
)
≤ C |v (z)|2 + C (n) y
y2(n−1)
(ˆ y
y
2
|∂yv (ξ)|2 ξ2(n−1)e−
ξ2
4 dξ
)
for y2 ≤ z ≤ y. Integrate the above inequality against z2(n−1)e−
z2
4 dz from y2 to y
to get
|v (y)|2
(ˆ y
y
2
z2(n−1)e−
z2
4 dz
)
≤ C
ˆ y
y
2
|v (z)|2 z2(n−1)e− z
2
4 dz
+C (n)
1
y2n−3
(ˆ y
y
2
|∂yv (ξ)|2 ξ2(n−1)e−
ξ2
4 dξ
)(ˆ y
y
2
z2(n−1)e−
z2
4 dz
)
which implies
|v (y)|2 ≤ C (n) 1
y2n−1
(ˆ y
y
2
|v (z)|2 z2(n−1)e− z
2
4 dz
)
+C (n)
1
y2n−3
(ˆ y
y
2
|∂yv (ξ)|2 ξ2(n−1)e−
ξ2
4 dξ
)
That is,
|v (y)| ≤ C (n)
(
1
yn−
1
2
‖v‖+ 1
yn−
3
2
‖∂yv‖
)
≤ C (n) 1
yn−
1
2
(‖∂yv‖+ ‖v‖)
for 0 < y ≤ 1.
Likewise, for each y ≥ 1, by the fundamental theorem of calculus, we have
v (y) = v (z)−
ˆ z
y
∂yv (ξ) dξ ∀ y ≤ z ≤ y + 1
which implies
|v (y)|2 ≤ C
(
|v (z)|2 +
ˆ y+1
y
|∂yv (ξ)|2 dξ
)
≤ C |v (z)|2 + C y−2(n−1)e (y+1)
2
4
(ˆ y+1
y
|∂yv (ξ)|2 ξ2(n−1)e−
ξ2
4 dξ
)
for y ≤ z ≤ y+1. Integrate both sides againt z2(n−1)e− z24 dz from y to y+1 to get
|v (y)|2
(ˆ y+1
y
z2(n−1)e−
z2
4 dz
)
≤ C
ˆ y+1
y
|v (z)|2 z2(n−1)e− z
2
4 dz
+C y−2(n−1)e
(y+1)2
4
(ˆ y+1
y
|∂yv (ξ)|2 ξ2(n−1)e−
ξ2
4 dξ
)(ˆ y+1
y
z2(n−1)e−
z2
4 dz
)
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which yields
|v (y)|2 ≤ C (n) y−2(n−1)e (y+1)
2
4
(
‖v‖2 + ‖∂yv‖2
)
≤ C (n) e (y+1)
2
4 (‖∂yv‖ + ‖v‖)
for y ≥ 1.
More generally, given a function v ∈ H, then choose a sequence {vi} ⊂ C1c (R+)∩
H so that
vi
H−→ v
By the above arguments, we have
|vi (y)| ≤ C (n)
(
1
yn−
1
2
+ e
(y+1)2
4
)
(‖∂yvi‖+ ‖vi‖)
|vi (y)− vj (y)| ≤ C (n)
(
1
yn−
1
2
+ e
(y+1)2
4
)
(‖∂yvi − ∂yvj‖+ ‖vi − vj‖)
for y > 0. It follows, by the second inequality, that
vi
Cloc−→ v
Hence v ∈ C (R+). In addition, by passing the first inequality to limit, we get
|v (y)| ≤ C (n)
(
1
yn−
1
2
+ e
(y+1)2
4
)
(‖∂yv‖+ ‖v‖)
for y > 0. 
Now we are ready to prove (6.6). The idea is to linearize (3.13) and do Fourier
expansion. The condition (6.1) allow us to control the evolution of components
in negative eigenvalue functions. For the remainder terms, we can use the energy
estimate and Sobolev inequality to get a L∞ estimate.
Proposition 6.4. If 0 < ρ ≪ 1 ≪ β (depending on n, Λ) and s0 ≫ 1 (depending
on n, Λ, ρ, β), then (6.2) holds. Moreover, there is a constant k satisfying (6.3), for
which the function v (y, s) of the type I rescaled hypersurface Π
(a0, a1)
s (see (3.13))
satisfies (6.6).
Proof. Let
v˜ (y, s) = ζ (eσsy − β) ζ (ρe s2 − y) v (y, s)
then v˜ (·, s) ∈ C ([s0, s˚] ; H). From (3.15), we have
(∂s + L) v (·, s) = Qv (·, s)
which implies
(6.14) (∂s + L) v˜ (·, s) = f (·, s) ≡ fI (·, s) + fII (·, s) + fIII (·, s)
where
fI (y, s) = ζ (e
σsy − β) ζ (ρe s2 − y) Qv (y, s)
fII (y, s) = ζ
′ (eσsy − β) eσs
(
−2 ∂yv (y, s) +
(
−2 (n− 1)
y
+
(
σ +
1
2
)
y
)
v (y, s)
)
−ζ′′ (eσsy − β) e2σs v (y, s)
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fIII (y, s) = ζ
′ (ρe s2 − y)((ρ
2
e
s
2 − y
2
+
2 (n− 1)
y
)
v (y, s) + 2 ∂yv (y, s)
)
−ζ′′ (ρe s2 − y) v (y, s)
We claim that
(6.15) ‖f (·, s)‖ ≤ C (n, Λ, ρ, β) e−(1+ς)λ2s
for s0 ≤ s ≤ s˚, provided that 0 < ρ ≪ 1 ≪ β (depending on n, Λ) and s0 ≫ 1
(depending on n, Λ, ρ, β), where the norm ‖·‖ is defined in Proposition 3.1. Notice
that by (3.14), we have
max
{∣∣∣∣v (y, s)y
∣∣∣∣ , |∂yv (y, s)|} ≤ Λe−λ2s (yα−1 + y2λ2) . Λ (βα−1 + ρ2λ2)
for βe−σs ≤ y ≤ ρe s2 , so we have
max
{∣∣∣∣v (y, s)y
∣∣∣∣ , |∂yv (y, s)|} ≤ 13
for βe−σs ≤ y ≤ ρe s2 provided that 0 < ρ≪ 1≪ β (depending on n, Λ). To prove
(6.15), we use (3.14) to get
‖fI‖ =
∥∥ζ (eσsy − β) ζ (ρe s2 − y) Qv (y, s)∥∥
≤ C (n) Λ3
∥∥∥∥(e−λ2s (yα−1 + y2λ2))2 e−λ2s (yα−2 + y2λ2−1) χ(βe−σs, ρe s2 )
∥∥∥∥
≤ C (n) Λ3 e−(1+ς)λ2s
∥∥∥∥(e−λ2s (yα−1 + y2λ2))2−ς (yα−2+ς(α−1) + y2λ2−1+2ςλ2) χ(βe−σs, ρe s2 )
∥∥∥∥
≤ C (n) Λ3 e−(1+ς)λ2s
∥∥∥∥(βα−1 + ρ2λ2)2−ς (yα−2+ς(α−1) + y2λ2−1+2ςλ2) χ(βe−σs, ρe s2 )
∥∥∥∥
≤ C (n) Λ3 e−(1+ς)λ2s
(ˆ ∞
0
(
y2(α−2+ς(α−1)) + y2(2λ2−1+2ςλ2)
)
y2(n−1)e−
y2
4 dy
) 1
2
≤ C (n) Λ3 e−(1+ς)λ2s
since ς ≤ λ−12 ≤ 1 and 2 (α− 2 + ς (α− 1)) + 2 (n− 1) > −1;
‖fII‖ ≤ C (n) Λ
∥∥e−λ2syα−2 χ(βe−σs, (β+1)e−σs)∥∥
≤ C (n) Λ e−λ2s
(ˆ (β+1)e−σs
βe−σs
y2(α−2)y2(n−1)dy
) 1
2
≤ C (n) Λ e−λ2s (βe−σs)n+α− 52 ≤ C (n) Λ βn+α− 52 e−(1+ς)λ2s
and
‖fIII‖ ≤ C (n) Λ
∥∥∥∥e−λ2sy2λ2+2χ(ρe s2−1, ρe s2 )
∥∥∥∥
= C (n) Λ e−λ2s
(ˆ ρe s2
ρe
s
2−1
y2(2λ2+2)y2(n−1)e−
y2
4 dy
) 1
2
≤ C (n) Λ e−λ2se−s ≤ C (n) Λ e−(1+ς)λ2s
provided that s0 ≫ 1 (depending on n, ρ).
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Next, we would like to estimate the components of negative eigenvalue functions
in the Fourier expansion of v˜ (·, s). For each i ∈ {0, 1}, by Proposition 3.1, (6.1)
and (6.14), we have
∂s 〈v˜ (·, s) , ϕi〉+ λi 〈v˜ (·, s) , ϕi〉 = 〈f (·, s) , ϕi〉
〈v˜ (·, s1) , ϕi〉 = 0
Note that λi = λ2 − (2− i) < 0 and
s˚ = − ln (−t˚) ≤ − ln (−e−1t1) = s1 + 1
Therefore, for s1 ≤ s ≤ s˚, we have
|〈v˜ (·, s) , ϕi〉| =
∣∣∣∣ˆ s
s1
e−λi(s−ξ) 〈f (·, ξ) , ϕi〉 dξ
∣∣∣∣ ≤ ˆ s
s1
e−(λ2−2)(s−ξ) ‖f (·, ξ)‖ dξ
≤ C (n, Λ, ρ, β) e−(λ2−2)(s−s1)e−(1+ς)λ2s1
≤ C (n, Λ, ρ, β) e−(1+ς)λ2s
and for s0 ≤ s ≤ s1, we have
|〈v˜ (·, s) , ϕi〉| =
∣∣∣∣ˆ s1
s
eλi(ξ−s) 〈f (·, ξ) , ϕi〉 dξ
∣∣∣∣ ≤ ˆ s1
s
e(λ2−1)(ξ−s) ‖f (·, ξ)‖ dξ
≤ C (n, Λ, ρ, β) e−(1+ς)λ2s
Thus, for i ∈ {0, 1}, there holds
(6.16) |〈v˜ (·, s) , ϕi〉| ≤ C (n, Λ, ρ, β) e−(1+ς)λ2s
for s0 ≤ s ≤ s˚. In addition, for i ∈ {0, 1}, by Lemma 4.3 we have∣∣〈v˜ (·, s0) , ci ϕi〉 − aie−λ2s0 ∣∣
=
∣∣∣〈ζ (eσs0y − β) ζ (ρe s02 − y) v (·, s0) , ci ϕi〉− aie−λ2s0 ∣∣∣
= e−λ2s0
∣∣∣∣〈ζ (eσs0y − β) ζ (ρe s02 − y)( 1c2ϕ2 (y) + a0c0 ϕ0 (y) + a1c1 ϕ1 (y)
)
, ciϕi
〉
− ai
∣∣∣∣
≤ C (n, Λ, ρ, β) e−(1+2ς)λ2s0
which, together with (6.16), implies
|ai| ≤
∣∣eλ2s0 〈v˜ (·, s0) , ci ϕi〉∣∣ + ∣∣eλ2s0 〈v˜ (·, s0) , ci ϕi〉 − ai∣∣
≤ C (n, Λ, ρ, β) e−ςλ2s0
We continue to estimate the components of the first positive eigenvalue functions
in the Fourier expansion of v˜ (·, s). By Proposition 3.1, Lemma 4.3, (4.1) and (6.14),
we have 
∂s
(
eλ2s 〈v˜ (·, s) , ϕ2〉
)
= eλ2s 〈f (·, s) , ϕ2〉∣∣eλ2s0 〈v˜ (·, s0) , c2ϕ2〉 − 1∣∣ ≤ C (n) e−2ςλ2s0
Now let
k = eλ2s1 〈v˜ (·, s1) , c2 ϕ2〉
then for s1 ≤ s ≤ s˚, we have∣∣eλ2s 〈v˜ (·, s) , c2ϕ2〉 − k∣∣ = ∣∣eλ2s 〈v˜ (·, s) , ϕ2〉 − eλ2s1 〈v˜ (·, s1) , c2 ϕ2〉∣∣
=
∣∣∣∣ˆ s
s1
eλ2ξ 〈f (·, ξ) , ϕ2〉 dξ
∣∣∣∣ ≤ ˆ s1+1
s1
eλ2ξ ‖f (·, ξ)‖ dξ
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≤ C (n, Λ, ρ, β) e−ςλ2s
(since s˚ ≤ s1 + 1), and for s0 ≤ s ≤ s1 we have∣∣eλ2s 〈v˜ (·, s) , c2 ϕ2〉 − k∣∣ = ∣∣eλ2s 〈v˜ (·, s) , c2 ϕ2〉 − eλ2s1 〈v˜ (·, s1) , c2 ϕ2〉∣∣
=
∣∣∣∣ˆ s1
s
eλ2ξ 〈f (·, ξ) , ϕ2〉 dξ
∣∣∣∣ ≤ ˆ s1
s
eλ2ξ ‖f (·, ξ)‖ dξ
≤ C (n, Λ, ρ, β) e−ςλ2s
Thus, we get
|k − 1| ≤
∣∣k − eλ2s0 〈v˜ (·, s0) , c2 ϕ2〉∣∣ + ∣∣eλ2s0 〈v˜ (·, s0) , c2 ϕ2〉 − 1∣∣
≤ C (n, Λ, ρ, β) e−ςλ2s
and
(6.17)
∣∣∣∣〈v˜ (·, s) , ϕ2〉 − kc2 e−λ2s
∣∣∣∣ ≤ C (n, Λ, ρ, β) e−(1+ς)λ2s
for s0 ≤ s ≤ s˚.
Now we would like to estimate the remaining parts in the Fourier expansion of
v˜ (·, s). Let
v˜∗ (·, s) = v˜ (·, s)−
2∑
i=0
〈v˜ (·, s) , ϕi〉ϕi
then v˜∗ (·, s) ∈ C ([s0, s1] ; H∗), whereH∗ is defined in Lemma 6.2. By Proposition
3.1 and (6.14), we have
(∂s + L) v˜∗ (·, s) = f (·, s)−
2∑
i=0
〈f (·, s) , ϕi〉ϕi ≡ f∗ (·, s)
Note that ‖f∗ (·, s)‖ ≤ ‖f (·, s)‖ and that λ3 = λ2 + 1. By Lemma 6.2, for any
0 < δ < 1, we have
‖v˜∗ (·, s)‖2
≤ e−2(1−δ)(λ2+1)(s−s0) ‖v˜∗ (·, s0)‖2 + 1
2δλ3
ˆ s
s0
e−2(1−δ)(λ2+1)(s−ξ) ‖f (·, ξ)‖2 dξ
〈Lv˜∗ (·, s) , v˜∗ (·, s)〉
= e−2(1−δ)(λ2+1)(s−s0) 〈Lv˜∗ (·, s0) , v˜∗ (·, s0)〉+ 1
2δ
ˆ s
s0
e−2(1−δ)(λ2+1)(s−ξ) ‖f (·, ξ)‖2 dξ
for s0 ≤ s ≤ s˚. We claim that
(6.18) ‖v˜∗ (·, s0)‖ + ‖Lv˜∗ (·, s0)‖ ≤ C (n, Λ, ρ, β) e−(1+ς)λ2s0
Note that since ς < λ−12 , there is δ ∈ (0, 1) so that (1− δ) (λ2 + 1) > (1 + ς)λ2.
Thus, we get
‖v˜∗ (·, s)‖2 + 〈Lv˜∗ (·, s) , v˜∗ (·, s)〉 ≤ C (n, Λ, ρ, β) e−2(1+ς)λ2s
which, by (3.18), yields
‖v˜∗ (·, s)‖2 + ‖∂y v˜∗ (·, s)‖2 ≤ C (n, Λ, ρ, β) e−2(1+ς)λ2s
By Lemma 6.3, we then get
|v˜∗ (y, s)| ≤ C (n) (‖∂y v˜∗ (·, s)‖ + ‖v˜∗ (·, s)‖)
(
1
yn−
1
2
+ e
(y+1)2
4
)
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(6.19) ≤ C (n, Λ, ρ, β) e−(1+ς)λ2s
(
1
yn−
1
2
+ e
(y+1)2
4
)
for s0 ≤ s ≤ s˚. To prove (6.18), we use Proposition 3.1, Lemma 4.3, (4.1) and
previous computation for derving (6.16) and (6.17) to get
‖v˜∗ (·, s0)‖ =
∥∥∥∥∥v˜ (·, s0)−
2∑
i=0
〈v˜ (·, s0) , ϕi〉ϕi
∥∥∥∥∥
≤
∥∥∥∥∥v˜ (·, s0)− e−λ2s0
2∑
i=0
ai
ci
ϕi
∥∥∥∥∥ +
∥∥∥∥∥e−λ2s0
2∑
i=0
ai
ci
ϕi −
2∑
i=0
〈v˜ (·, s0) , ϕi〉ϕi
∥∥∥∥∥
≤ e−λ2s0
∥∥∥∥∥(1− ζ (eσs0y − β) ζ (ρe s02 − y))
2∑
i=0
ai
ci
ϕi
∥∥∥∥∥+
2∑
i=0
1
ci
∣∣〈v˜ (·, s0) , ciϕi〉 − aie−λ2s0∣∣
≤ C (n, Λ, ρ, β) e−(1+ς)λ2s0
where a2 = 1, and
‖Lv˜∗ (·, s0)‖ =
∥∥∥∥∥L(ζ (eσs0y − β) ζ (ρe s02 − y) v (·, s0))−
2∑
i=0
〈v˜ (·, s) , ϕi〉λiϕi
∥∥∥∥∥
=
∥∥∥∥∥L
(
ζ (eσs0y − β) ζ
(
ρe
s0
2 − y
)
e−λ2s0
2∑
i=0
ai
ci
ϕi
)
−
2∑
i=0
〈v˜ (·, s) , ϕi〉λiϕi
∥∥∥∥∥
≤ e−λ2s0
∥∥∥∥∥L
(
ζ (eσs0y − β) ζ
(
ρe
s0
2 − y
) 2∑
i=0
ai
ci
ϕi
)
−
2∑
i=0
ai
ci
λiϕi
∥∥∥∥∥
+
∥∥∥∥∥
2∑
i=0
〈v˜ (·, s) , ϕi〉λiϕi − e−λ2s0
2∑
i=0
ai
ci
λiϕi
∥∥∥∥∥
≤ ‖h‖ +
2∑
i=0
λi
ci
∥∥〈v˜ (·, s0) , ciϕi〉 − aie−λ2s0∥∥
where
h (y) = ζ′ (eσs0y − β) eσs0
(
−2 ∂yv (y, s0) +
(
−2 (n− 1)
y
+
y
2
)
v (y, s0)
)
+ζ′
(
ρe
s0
2 − y
)((
−y
2
+
2 (n− 1)
y
)
v (y, s0) + 2 ∂yv (y, s0)
)
−ζ′′ (eσs0y − β) e2σs0 v (y, s0)− ζ′′
(
ρe
s0
2 − y
)
v (y, s0)
Note that by similar computation as for fII (·, s) and fIII (·, s), we have
‖h‖ ≤ C (n, Λ, ρ, β) e−(1+ς)λ2s0
Hence,
‖Lv˜∗ (·, s0)‖ ≤ C (n, Λ, ρ, β) e−(1+ς)λ2s0
Lastly, combining (6.16), (6.17), and (6.19), we conclude∣∣∣∣v˜ (y, s)− kc2 e−λ2sϕ2 (y)
∣∣∣∣ =
∣∣∣∣∣
2∑
i=0
〈v˜ (·, s) , ϕi〉ϕi (y) + v˜∗ (y, s) − k
c2
e−λ2sϕ2 (y)
∣∣∣∣∣
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≤
1∑
i=0
|〈v˜ (·, s) , ϕi〉ϕi (y)| +
∣∣∣∣〈v˜ (·, s) , ϕ2〉ϕ2 (y)− kc2 e−λ2sϕ2 (y)
∣∣∣∣ + |v˜∗ (y, s)|
≤ C (n, Λ, ρ, β) e−(1+ς)λ2s
(
1
yn−
1
2
+ e
(y+1)2
4
)
for s0 ≤ s ≤ s˚. As a result, for 12e−ϑσs ≤ y ≤ 1, we have∣∣∣∣v (y, s)− kc2 e−λ2sϕ2 (y)
∣∣∣∣ ≤ C (n, Λ, ρ, β)( e−ςλ2syn+α+ 32
)
e−λ2syα+2
≤ C (n, Λ, ρ, β) e−(ςλ2−ϑσ(n+α+ 32 ))se−λ2syα+2
and for 1 ≤ y ≤ √ςλ2s, we have∣∣∣∣v (y, s)− kc2 e−λ2sϕ2 (y)
∣∣∣∣ ≤ C (n, Λ, ρ, β)(e−ςλ2se (y+1)24 ) e−λ2syα+2
≤ C (n, Λ, ρ, β) e− ςλ22 se−λ2syα+2

As a corollary, by (3.12), Proposition 6.4 and Remark 3.2, we get∣∣∣∣u (x, t)− kc2 (−t)λ2+ 12 ϕ2
(
x√−t
)∣∣∣∣ ≤ C (n, Λ, ρ, β) (−t)κ (−t)xα+2
(6.20) ≤ C (n, Λ, ρ, β) (−t)κ x2λ2+1
for 13
√−t ≤ x ≤
√
ςλ2 t ln (−t), t0 ≤ t ≤ t˚. Below we use (3.7), (4.5), (6.20) and
the comparison principle to prove (6.5).
Proposition 6.5. If 0 < ρ ≪ 1 (depending on n, Λ) and |t0| ≪ 1 (depending on
n, Λ, ρ), there holds (6.5).
Proof. First, by (3.8) we have
max
{∣∣∣∣u (x, t)x
∣∣∣∣ , |∂xu (x, t)|} ≤ Λ((−t)2 xα−1 + x2λ2) ≤ 13
for
√
ςλ2 t ln (−t) ≤ x ≤ ρ, t0 ≤ t ≤ t˚, provided that 0 < ρ ≪ 1 (depending on n,
Λ) and |t0| ≪ 1 (depending on n, Λ, ρ).
By (3.7), (3.8) and Remark 3.2, there holds
|∂tu (x, t)| ≤ C (n)
(∣∣∂2xxu (x, t)∣∣ + ∣∣∣∣∂xu (x, t)x
∣∣∣∣ + ∣∣∣∣u (x, t)x2
∣∣∣∣)
≤ C (n)Λ
(
xα+2 + (−t)2 xα−2
)
≤ C (n, Λ)xα+2
for
√
ςλ2 t ln (−t) ≤ x ≤ ρ, t0 ≤ t ≤ t˚. In addition, we have
∂t
(
k (−t)λ2+ 12 ϕ2
(
x√−t
))
= k ∂t
(
Υ2x
2λ2+1 + 2Υ1 (−t)xα+2 + (−t)2 xα
)
= −2k (Υ1xα+2 + (−t)xα)
Thus, we get
(6.21)
∣∣∣∣∂t (u (x, t)− k (−t)λ2+ 12 ϕ2( x√−t
))∣∣∣∣ ≤ C (n, Λ)xα+2
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for
√
ςλ2 t ln (−t) ≤ x ≤ ρ, t0 ≤ t ≤ t˚.
On the other hand, at time t0, by (4.21), (6.2) and (6.3), there holds∣∣∣∣u (x, t0)− k (−t0)λ2+ 12 ϕ2 ( x√−t
)∣∣∣∣
≤ (−t0)λ2+
1
2
(
|k − 1|
c0
ϕ2
(
x√−t
)
+
1∑
i=0
|ai|
ci
ϕi
(
x√−t
))
(6.22) ≤ C (n, Λ, ρ, β) (−t0)κ x2λ2+1
for
√
ςλ2 t ln (−t) ≤ x ≤ ρ. Moreover, by (6.20) we have
(6.23)
∣∣∣∣u (x, t)− kc2 (−t)λ2+ 12 ϕ2
(
x√−t
)∣∣∣∣ ≤ C (n, Λ, ρ, β) (−t0)κ x2λ2+1
for x =
√
ςλ2 t ln (−t), t0 ≤ t ≤ t˚.
Combining (6.21), (6.22) and (6.23), we get∣∣∣∣u (x, t)− k (−t)λ2+ 12 ϕ2( x√−t
)∣∣∣∣
≤ C (n, Λ, ρ, β) (−t0)κ x2λ2+1 + C (n, Λ)xα+2 (t− t0)
≤ C (n, Λ, ρ, β) (−t0)κ x2λ2+1
for
√
ςλ2 t ln (−t) ≤ x ≤ ρ, t0 ≤ t ≤ t˚. The conclusion follows by (6.20) and the
above. 
Next, by (3.12) and Proposition 6.4, we have∣∣∣∣w (z, τ)− kc2 (2στ)α2 ϕ2
(
z√
2στ
)∣∣∣∣ ≤ C (n, Λ, ρ, β) (2στ)− κ2σ z22στ zα
for 12 (2στ)
1
2 (1−ϑ) ≤ z ≤ √2στ, τ0 ≤ τ ≤ τ˚ . Notice that
k
c2
(2στ)
α
2 ϕ2
(
z√
2στ
)
= kzα
(
1 + 2Υ1
z2
2στ
+ Υ2
(
z2
2στ
)2)
Hence we get
|w (z, τ)− kzα| ≤ C (n) z
2
2στ
zα
for 12 (2στ)
1
2 (1−ϑ) ≤ z ≤ √2στ , τ0 ≤ τ ≤ τ˚ , provided that τ0 ≫ 1 (depending on n,
Λ, ρ, β). On the other hand, by Lemma 2.5 and (6.3), we have
|ψk (z)− kzα| ≤ C (n) k3z3α−2 ≤ C (n) z3α−2
for z ≥ ψˆ2(0)√
2
, provided that τ0 ≫ 1 (depending on n, Λ, ρ, β). Therefore, we get
|w (z, τ)− ψk (z)| ≤ |w (z, τ) − kzα| + |kzα − ψk (z)|
(6.24) ≤ C (n)
(
z2
2στ
+ z2(α−1)
)
zα
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for 12 (2στ)
1
2 (1−ϑ) ≤ z ≤ √2στ , τ0 ≤ τ ≤ τ˚ . Now consider the projected curves M¯k
and Γ¯
(a0, a1)
τ (see (2.7) and (3.23)), which can be viewed as graphes of w (z, τ) and
ψk (z) over C¯ (see (2.2)), respectively. Thus, (6.24) implies that∣∣∣wˆ (z, τ)− ψˆk (z)∣∣∣ ≤ C (n)( z2
2στ
+ z2(α−1)
)
zα
for (2στ)
1
2 (1−ϑ) ≤ z ≤ 12
√
2στ , τ0 ≤ τ ≤ τ˚ , provided that τ0 ≫ 1 (depending on n,
Λ, ρ, β). In particular, there holds
(6.25)
∣∣∣wˆ (z, τ)− ψˆk (z)∣∣∣ ≤ C (n) (2στ)−ϑ zα
for z = (2στ)
1
2 (1−ϑ) , τ0 ≤ τ ≤ τ˚ , since 0 < ϑ < 1−α2−α (see 4.12).
In addition, when τ = τ0, by (4.7), (6.2) and (6.3), we have
|w (z, τ0)− ψk (z)| ≤ |w (z, τ0)− kzα| + |kzα − ψk (z)|
≤
(
|k − 1| + |a0| + |a1| + C (n)
(
z2
2στ0
+ z2(α−1)
))
zα
≤
(
C (n, Λ, ρ, β) (2στ0)
− 1−α2 ς + C (n)
(
(2στ0)
−ϑ
+ β2(α−1)
))
zα
≤ C (n)β2(α−1)zα
for β ≤ z ≤ 2 (2στ0)
1
2 (1−ϑ), provided that τ0 ≫ 1 (depending on n, Λ, ρ, β). By
reparametrizing Γ¯
(a0, a1)
τ0 and M¯k, we deduce that
(6.26)
∣∣∣wˆ (z, τ0)− ψˆk (z)∣∣∣ ≤ C (n)β2(α−1)zα
for 32β ≤ z ≤ (2στ0)
1
2 (1−ϑ), provided that τ0 ≫ 1 (depending on n, Λ, ρ, β).
Below we use (3.22), (6.25), (6.26) and the comparison principle to prove (6.8).
We follow Vela´zquez’s idea of using the perturbation of ψˆk to construct barriers;
moreover, we allow the perturbation to be time-dependent.
Proposition 6.6. If β ≫ 1 (depending on n) and τ0 ≫ 1 (depending on n, Λ, ρ,
β), there holds (6.8). In particular, we have
(6.27)
∣∣∣wˆ (z, τ) − ψˆk (z)∣∣∣ ≤ C (n)βα−3( τ
τ0
)−̺
zα
for β ≤ z ≤ (2στ) 12 (1−ϑ), τ0 ≤ τ ≤ τ˚ , and
(6.28)
∣∣∣wˆ (z, τ) − ψˆk (z)∣∣∣ ≤ C (n)βα−3( τ
τ0
)−̺
for 0 ≤ z ≤ 5β, τ0 ≤ τ ≤ τ˚ .
Proof. Given functions λ (τ) and µ (τ), we define the perturbation of ψˆk by
ψˆλ, µk (z, τ) ≡ ψˆλ(τ) k
(
z
µ (τ)
)
= λ
1
1−α (τ) ψˆk
(
z
λ
1
1−α (τ) µ (τ)
)
(see also (2.3)). By (2.4), there holds
∂τ ψˆ
λ, µ
k −
 ∂2zzψˆλ, µk
1 +
(
∂zψˆ
λ, µ
k
)2 + (n− 1)
(
∂zψˆ
λ, µ
k
z
− 1
ψˆλ, µk
)
+
1
2 + σ
2στ
(
−z ∂zψˆλ, µk + ψˆλ, µk
)
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=
(
−
1
2 + σ
2στ
λ
1
1−α +
λ
α
1−α
1− α (∂τλ)
)(
ψˆk (r) − r ∂rψˆk (r)
)
− λ
1
1−α
µ
(∂τµ)
(
r ∂rψˆk (r)
)∣∣∣∣∣
r= z
λ
1
1−α µ
(6.29)
+
µ2 − 1
λ
1
1−αµ2
 ∂2rrψˆk (r)(
1 +
(
∂rψˆk (r)
)2)(
1 +
(
∂rψˆk(r)
µ
)2) + (n− 1) ∂rψˆk (r)r

∣∣∣∣∣∣∣∣
r= z
λ
1
1−α µ
Notice that
(6.30)

∂λ
(
ψˆλ, µk (z)
)
= λ
α
1−α
1−α
(
ψˆk (r)− r ∂rψˆk (r)
)∣∣∣
r= z
λ
1
1−α µ
∂µ
(
ψˆλ, µk (z)
)
= −λ
1
1−α
µ
(
r ∂rψˆk (r)
)∣∣∣∣
r= z
λ
1
1−α µ
Moreover, by (2.6), there holds
lim
rր∞
ψˆk (r) − r ∂rψˆk
rα
= k lim
rր∞
ψˆ (r) − r ∂rψˆ
rα
= k (1− α) 2α+12
which implies
(6.31) ψˆk (r)− r ∂rψˆk = (1 + o (1)) (1− α) 2
α+1
2 rα
for r ≥ β, if β ≫ 1 (depending on n) and τ0 ≫ 1 (depending on n, Λ, ρ, β).
To get a lower barrier, we set
wˆ− (z, τ) = ψˆ
λ−, µ−
k (z, τ)
with
λ− (τ) = 1− βα−3
(
τ
τ0
)−̺
, µ− (τ) = 1
where β ≫ 1 (depending on n). Firstly, for the initial value, by Lemma 2.2 and
(4.3), we have
(6.32) wˆ− (z, τ0) = ψˆλ−(τ0) k (z) = ψˆ(1−βα−3)(1+o(1)) (z) < wˆ (z, τ0)
for 0 ≤ z ≤ 32β, provided that β ≫ 1 (depending on n). Also, for each 32β ≤
z ≤ (2στ0)
1
2 (1−ϑ), by (6.30), (6.31), (6.26) and the mean value theorem, there is
λ− (τ0) ≤ λ∗ ≤ 1 so that
wˆ− (z, τ0) = ψˆk (z) + (λ− (τ0)− 1) ∂λ
(
ψˆλ, µk (z)
)∣∣∣
λ=λ∗, z=z∗≡ z
λ
1
1−α
∗
= ψˆk (z) − βα−3 λ
α
1−α∗
1− α
(
ψˆk (z∗)− z∗ ∂zψˆk (z∗)
)
(6.33) ≤ ψˆk (z) − (1− o (1))βα−32
α+1
2 zα < wˆ (z, τ0)
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provided that β ≫ 1 (depending on n). Secondly, for the boundary value, fix
τ0 ≤ τ ≤ τ˚ and let z = (2στ)
1
2 (1−ϑ). By (6.25), (6.30), (6.31) and the mean value
theorem, there is λ− (τ0) ≤ λ∗ ≤ 1 so that
wˆ− (z, τ0) = ψˆk (z) + (λ− (τ0)− 1) ∂λ
(
ψˆλ, µk (z)
)∣∣∣
λ=λ∗, z=z∗≡ z
λ
1
1−α
∗
= ψˆk (z) − βα−3
(
τ
τ0
)−̺
λ
α
1−α∗
1− α
(
ψˆk (z∗)− z∗ ∂zψˆk (z∗)
)
≤ ψˆk (z) − (1− o (1))βα−32
α+1
2
(
τ
τ0
)−̺
zα
(6.34) < ψˆk (z) − C (n) (2στ)−ϑ zα ≤ wˆ (z, τ)
provided that τ0 ≫ 1 (depending on n, β), since 0 < ̺ < ϑ. Thirdly, for the
equation, by (6.29), there holds
∂τ wˆ− −
(
∂2zzwˆ−
1 + (∂zwˆ−)
2 + (n− 1)
(
∂zwˆ−
z
− 1
wˆ−
)
+
1
2 + σ
2στ
(−z ∂zwˆ− + wˆ−)
)
=
(
−
1
2 + σ
2στ
λ
1
1−α
− (τ) +
λ
α
1−α
− (τ)
1− α (∂τλ− (τ))
)(
ψˆk − r ∂rψˆk
)∣∣∣∣∣
r= z
λ
1
1−α
− (τ)
=
λ
1
1−α
− (τ)
2στ
−(1
2
+ σ
)
+
2σ̺ βα−3
(
τ
τ0
)−̺
(1− α) λ− (τ)

∣∣∣∣∣∣∣
r= z
λ
1
1−α
− (τ)
≤ 0
for 0 ≤ z ≤ (2στ) 12 (1−ϑ), τ0 ≤ τ ≤ τ˚ , provided that β ≫ 1 (depending on n). Then
we subtract the above equation from (3.22) to get
(6.35) ∂τ (wˆ − wˆ−)−
(
1
1 + (∂zwˆ)
2 ∂
2
zz (wˆ − wˆ−) +
n− 1
z
∂z (wˆ − wˆ−)
)
+
 ∂2zzwˆ− (∂zwˆ + ∂zwˆ−)(
1 + (∂zwˆ)
2
)(
1 + (∂zwˆ−)
2
) + 12 + σ
2στ
z
 ∂z (wˆ − wˆ−)−(n− 1
wˆ wˆ−
+
1
2 + σ
2στ
)
(wˆ − wˆ−)
≥ 0
Now we are ready to show that wˆ− is a lower barrier. Let
(wˆ − wˆ−)min (τ) = min
0≤z≤(2στ) 12 (1−ϑ)
(wˆ − wˆ−) (z, τ)
then by (6.32) and (6.33), we have
(wˆ − wˆ−)min (τ0) > 0
We claim that
(wˆ − wˆ−)min (τ) ≥ 0 ∀ τ0 ≤ τ ≤ τ˚
Suppose the contrary, then there is τ0 < τ
∗
1 ≤ τ˚ so that
(6.36) (wˆ − wˆ−)min (τ∗1 ) < 0
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Let τ∗0 ∈ [τ0, τ∗1 ) be the first time after which (wˆ − wˆ−)min stays negative all the
way up to τ∗1 . By continuity, there holds
(6.37) (wˆ − wˆ−)min (τ∗0 ) = 0
On the other hand, by (6.34), the negative minimum of wˆ − wˆ− for each time-slice
is achieved in
[
0, (2στ)
1
2 (1−ϑ)
)
. Hence, applying the maximum principle to (6.35),
we get
∂τ (wˆ − wˆ−)min −
(
n− 1
wˆ wˆ−
+
1
2 + σ
2στ
)
(wˆ − wˆ−)min ≥ 0
Notice that
∂zwˆ (0, τ) = 0 = ∂zwˆ− (0, τ) ∀ τ0 ≤ τ ≤ τ˚
So at z = 0, by L’Hoˆpital’s rule, the third term in (6.35) is interpreted as
lim
z→0
n− 1
z
∂z (wˆ − wˆ−) (z, τ) = (n− 1) ∂2zz (wˆ − wˆ−) (0, τ)
It follows that
∂τ
(
e
− ´ n−1
wˆ wˆ−
dτ
τ−(
1
2+
1
4σ ) (wˆ − wˆ−)min (τ)
)
≥ 0
which, together with (6.36), contradicts with (6.37).
Next, for the upper barrier, we set
wˆ+ (z, τ) = ψˆ
λ+, µ+
k (z, τ)
with
λ+ (τ) = 1 + β
α−3
(
τ
τ0
)−̺
, µ+ (τ) = 1 + δβ
α−3 (2στ)−1+̺
(
τ
τ0
)−̺
where
(6.38) δ = δ (n, β) =
1
4 (1− α) inf0≤r≤ 32β
ψˆk (r)− r ∂rψˆk (r)
r ∂rψˆk (r)
> 0
by (2.5). Note that by (see (2.4)),
(6.39) 0 ≤ ∂rψˆk (r) ≤ 1, ∂2rrψˆk (r) > 0
for all r ≥ 0. Firstly, for the initial value, given 0 ≤ z ≤ 32β, by Lemma 2.2, (4.3),
(6.30), (6.31) and the mean value theorem, there are
1 +
1
2
βα−3 ≤ λ∗ ≤ λ+ (τ0) , 1 ≤ µ∗ ≤ µ+ (τ0)
so that
wˆ+ (z, τ0) = ψˆ
1+ 12β
α−3, 1
k (z, τ0)
+
(
λ+ (τ0)−
(
1 +
1
2
βα−3
))
∂λ
(
ψˆλ, µk (z)
)∣∣∣∣
λ=λ∗, µ=µ∗, z=z∗≡ z
λ
1
1−α
∗ µ∗
+ (µ+ (τ0)− 1) ∂µ
(
ψˆλ, µk (z)
)∣∣∣
λ=λ∗, µ=µ∗, z=z∗≡ z
λ
1
1−α
∗ µ∗
= ψˆ
1+ 12β
α−3, 1
k (z, τ0) +
βα−3λ
α
1−α∗
2 (1− α)
(
ψˆk (z∗)− z∗ ∂zψˆk (z∗)
)
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−δβα−3 (2στ0)−1+̺ λ
1
1−α∗
µ∗
(
z∗ ∂zψˆk (z∗)
)
≥ ψˆ1+
1
2β
α−3, 1
k (z, τ0) +
βα−3λ
α
1−α∗
2 (1− α)
(
1− λ∗
2µ∗
(2στ0)
−1+̺
)(
ψˆk (z∗)− z∗ ∂zψˆk (z∗)
)
≥ ψˆ1+
1
2β
α−3, 1
k (z, τ0) = ψˆ(1+ 12βα−3)k
(z, τ0) = ψˆ(1+ 12βα−3)(1+o(1))
(z, τ0)
(6.40) > w (z, τ0)
provided that β ≫ 1 (depending on n). Also, for each 32β ≤ z ≤ (2στ0)
1
2 (1−ϑ), by
(4.22), (6.26), (6.30), (6.31), (6.38), (6.39) and the mean value theorem, there are
1 ≤ λ∗ ≤ λ+ (τ0) , 1 ≤ µ∗ ≤ µ+ (τ0)
so that
wˆ+ (z, τ0) = ψˆk (z, τ0) + (λ+ (τ0)− 1) ∂λ
(
ψˆλ, µk (z)
)∣∣∣
λ=λ∗, µ=µ∗, z=z∗≡ z
λ
1
1−α
∗ µ∗
+ (µ+ (τ0)− 1) ∂µ
(
ψˆλ, µk (z)
)∣∣∣
λ=λ∗, µ=µ∗, z=z∗≡ z
λ
1
1−α
∗ µ∗
= ψˆk (z, τ0)+
βα−3λ
α
1−α∗
1− α
(
ψˆk (z∗)− z∗ ∂zψˆk (z∗)
)
− δβα−3 (2στ0)−1+̺ λ
1
1−α∗
µ∗
(
z∗ ∂zψˆk (z∗)
)
≥ ψˆk (z, τ0) + (1 + o (1))βα−3µ−α∗ 2
α+1
2 zα − δβ
α−3
µ2∗
(2στ0)
− 12 (1−ϑ)(1−α) z
= ψˆk (z, τ0) +
1
2
(1 + o (1))βα−3µ−α∗ 2
α+1
2 zα
+
1
2
βα−3zα
(1 + o (1)) 2α+12 µ−α∗ − 2δµ2∗
(
z
(2στ0)
1
2 (1−ϑ)
)1−α
(6.41) ≥ ψˆk (z, τ0) + 1
2
(1 + o (1))βα−3µ−α∗ 2
α+1
2 zα > w (z, τ0)
provided that β ≫ 1 (depending on n), since z ≤ (2στ0)
1
2 (1−ϑ). Secondly, for the
boundary value, fix τ0 ≤ τ ≤ τ˚ and let z = (2στ)
1
2 (1−ϑ), by (4.22), (6.25), (6.30),
(6.31), (6.38), (6.39) and the mean value theorem, there are
1 ≤ λ∗ ≤ λ+ (τ) , 1 ≤ µ∗ ≤ µ+ (τ)
so that
wˆ+ (z, τ) = ψˆk (z, τ) + (λ+ (τ)− 1) ∂λ
(
ψˆλ, µk (z)
)∣∣∣
λ=λ∗, µ=µ∗, z=z∗≡ z
λ
1
1−α
∗ µ∗
+ (µ+ (τ)− 1) ∂µ
(
ψˆλ, µk (z)
)∣∣∣
λ=λ∗, µ=µ∗, z=z∗≡ z
λ
1
1−α
∗ µ∗
= ψˆk (z) + β
α−3
(
τ
τ0
)−̺
λ
α
1−α∗
1− α
(
ψˆk (z∗)− z∗ ∂zψˆk (z∗)
)
−δβα−3 (2στ)−1+̺
(
τ
τ0
)−̺
λ
1
1−α∗
µ∗
(
z∗ ∂zψˆk (z∗)
)
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≥ ψˆk (z)+ (1 + o (1))βα−3µ−α∗ 2
α+1
2
(
τ
τ0
)−̺
zα− δβ
α−3
µ2∗
(
τ
τ0
)−̺
(2στ)
− 12 (1−ϑ)(1−α) z
≥ ψˆk (z) + 1
2
(1 + o (1))βα−3µ−α∗ 2
α+1
2
(
τ
τ0
)−̺
zα
+
1
2
βα−3
(
τ
τ0
)−̺
zα
(1 + o (1)) 2α+12 µ−α∗ − 2δµ2∗
(
z
(2στ)
1
2 (1−ϑ)
)1−α
(6.42) > ψˆk (z) − C (n) (2στ)−ϑ zα ≥ wˆ (z, τ)
provided that τ0 ≫ 1 (depending on n, β), since z = (2στ0)
1
2 (1−ϑ) and 0 < ̺ < ϑ.
Thirdly, by (6.29) and (6.39), there holds
∂τ wˆ+ −
(
∂2zzwˆ+
1 + (∂zwˆ+)
2 + (n− 1)
(
∂zwˆ+
z
− 1
wˆ+
)
+
1
2 + σ
2στ
(−z ∂zwˆ+ + wˆ+)
)
=
µ2+ − 1
λ
1
1−α
+ µ
2
+
 ∂2rrψˆk (r)(
1 +
(
∂rψˆk (r)
)2)(
1 +
(
∂rψˆk(r)
µ+
)2) + (n− 1) ∂rψˆk (r)r

∣∣∣∣∣∣∣∣
r= z
λ
1
1−α
+
µ+
+
(
−
1
2 + σ
2στ
λ
1
1−α
+ +
λ
α
1−α
+
1− α (∂τλ+)
)(
ψˆk (r) − r ∂rψˆk (r)
)∣∣∣∣∣
r= z
λ
1
1−α
+
µ+
− λ
1
1−α
+
µ+
(∂τµ+)
(
r ∂rψˆk (r)
)∣∣∣∣∣∣
r= z
λ
1
1−α
+
µ+
≥ 2 (1−O (βα−3)) δβα−3 (2στ0)̺ (2στ)−1
(
1
4
∂2rrψˆk (r) + (n− 1)
∂rψˆk (r)
r
)∣∣∣∣∣
r= z
λ
1
1−α
+
µ+
− (1 +O (βα−3))(1
2
+ σ +
2σ̺βα−3
1− α
(
τ
τ0
)−̺)
(2στ)
−1
(
ψˆk (r) − r ∂rψˆk (r)
)∣∣∣∣∣
r= z
λ
1
1−α
+
µ+
≥ 0
provided that τ0 ≫ 1 (depending on n, Λ, β), since
∂rψˆk (r)
r
= (1 + o (1)) r−1 > (1 + o (1)) k (1− α) 2α+12 rα = ψˆk (r)− r ∂rψˆk (r)
for r ≫ 1 (noting that α < −1). Then we subtract the equation of wˆ+ (z, τ) by
(3.22) to get
(6.43) ∂τ (wˆ+ − wˆ)−
(
1
1 + (∂zwˆ)
2 ∂
2
zz (wˆ+ − wˆ) +
n− 1
z
∂z (wˆ+ − wˆ)
)
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+
 ∂2zzwˆ+ (∂zwˆ+ + ∂zwˆ)(
1 + (∂zwˆ+)
2
)(
1 + (∂zwˆ)
2
) + 12 + σ
2στ
z
 ∂z (wˆ+ − wˆ)−(n− 1
wˆ+ wˆ
+
1
2 + σ
2στ
)
(wˆ+ − wˆ)
≥ 0
To show that wˆ+ is an upper barrier, let
(wˆ+ − wˆ)min (τ) = min
0≤z≤(2στ) 12 (1−ϑ)
(wˆ+ − wˆ) (z, τ)
Note that by (6.40) and (6.41), we have
(wˆ+ − wˆ)min (τ0) > 0
We claim that
(wˆ+ − wˆ)min (τ) ≥ 0 for τ0 ≤ τ ≤ τ˚
Suppose the contrary, then there is τ0 < τ
∗
1 ≤ τ˚ so that
(6.44) (wˆ+ − wˆ)min (τ∗1 ) < 0
Let τ∗0 ∈ [τ0, τ∗1 ) be the first time after which (wˆ+ − wˆ)min is negative all the way
up to τ∗1 , then by the continuity, we must have
(6.45) (wˆ+ − wˆ)min (τ∗0 ) = 0
On the other hand, by (6.42), the minimum of wˆ+−wˆ for each time-slice is achieved
in
[
0, (2στ)
1
2 (1−ϑ)
)
. Applying the maximum principle to (6.43), we get
∂τ (wˆ+ − wˆ)min −
(
n− 1
wˆ+ wˆ
+
1
2 + σ
2στ
)
(wˆ+ − wˆ)min ≥ 0
Note that at z = 0, we always have
∂zwˆ (0, τ) = 0 = ∂zwˆ+ (0, τ) ∀ τ0 ≤ τ ≤ τ˚
so L’Hoˆpital’s rule implies
lim
z→0
n− 1
z
∂z (wˆ+ − wˆ) (z, τ) = n− 1
z
∂2z (wˆ+ − wˆ) (0, τ)
It follows that
∂τ
(
e
− ´ n−1
wˆ+ wˆ
dτ
τ−
1
2
+σ
2σ (wˆ+ − wˆ)min
)
≥ 0
which, together with (6.44), contraditcts with (6.45).
Lastly, by (6.30) and µ+ (τ) ≥ 1, we have
wˆ+ (z, τ) = ψˆ
λ+, µ+
k (z, τ) ≤ ψˆλ+, 1k (z, τ) = ψˆλ+(τ)k (z)
Thus, we get
ψˆλ−(τ)k (z) = wˆ− (z, τ) ≤ wˆ (z, τ) ≤ wˆ+ (z, τ) ≤ ψˆλ+(τ)k (z)
For (6.27), given τ0 ≤ τ ≤ τ˚ , β ≤ z ≤ (2στ)
1
2 (1−ϑ), by (6.30), (6.31) and the mean
value theorem, there is 1 ≤ λ∗ ≤ λ+ (τ) so that
ψˆ
λ+, 1
k (z, τ) = ψˆk (z, τ) + (λ+ (τ)− 1) ∂λ
(
ψˆλ, µk (z)
)∣∣∣
λ=λ∗, z=z∗≡ z
λ
1
1−α
∗ µ∗
= ψˆk (z, τ) + β
α−3
(
τ
τ0
)−̺
λ
α
1−α∗
1− α
(
ψˆk (z∗)− z∗ ∂zψˆk (z∗)
)
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≤ ψˆk (z, τ) + (1 + o (1)) 2
α+1
2 βα−3
(
τ
τ0
)−̺
zα
Similarly,
ψˆ
λ−, 1
k (z, τ) ≥ ψˆk (z, τ) − (1 + o (1)) 2
α+1
2 βα−3
(
τ
τ0
)−̺
zα
As for (6.28), given τ0 ≤ τ ≤ τ˚ , 0 ≤ z ≤ 5β, by (6.30), (6.31) and the mean value
theorem, there is 1 ≤ λ∗ ≤ λ+ (τ) so that
ψˆ
λ+, 1
k (z, τ) = ψˆk (z, τ) + (λ+ (τ)− 1) ∂λ
(
ψˆλ, µk (z)
)∣∣∣
λ=λ∗, z=z∗≡ z
λ
1
1−α
∗ µ∗
= ψˆk (z, τ) + β
α−3
(
τ
τ0
)−̺
λ
α
1−α∗
1− α
(
ψˆk (z∗)− z∗ ∂zψˆk (z∗)
)
≤ ψˆk (z, τ) + β
α−3C
1− α
(
τ
τ0
)−̺
where
C = sup
r≥0
(
ψˆk (r) − r ∂rψˆk (r)
)
≤ C (n)
(by (6.31)). Similarly,
ψˆ
λ−, 1
k (z, τ) ≥ ψˆk (z, τ) −
βα−3C
1− α
(
τ
τ0
)−̺

As a corollary, if we regard the projected curves Γ¯
(a0, a1)
τ and M¯k as graphes
over C¯, (6.27) implies
(6.46) |w (z, τ) − ψk (z)| ≤ C (n)βα−3
(
τ
τ0
)−̺
zα
for 43β ≤ z ≤ 12 (2στ)
1
2 (1−ϑ), τ0 ≤ τ ≤ τ˚ . Then (6.7) follows immediately by (3.25).
Lastly, we prove (6.4) by using the gradient and curvature estimates in [EH].
Proposition 6.7. If 0 < ρ≪ 1 (depending on n, Λ) and |t0| ≪ ρ2 (depending on
n), there holds (6.4). Moreover, we have
(6.47)

|∂xu(x, t)| . 1∣∣∂2xxu(x, t)∣∣ ≤ C(n)√t−t0
for x ≥ 15ρ, t0 ≤ t ≤ t˚.
Proof. For ease of notation, we denote Σ
(a0, a1)
t by Σt. Let’s first parametrize Σt0
by (3.6), i.e.
Xt0 (x, ν, ω) =
(
(x− u (x, t0)) ν√
2
, (x+ u (x, t0))
ω√
2
)
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for x ≥ 16ρ, ν, ω ∈ Sn−1. Then the (upward) unit normal vector of Σt0 at Xt0 is
given by
NΣt0 (Xt0) =
 1 + ∂xu (x, t0)√
1 + (∂xu (x, t0))
2
 −ν√
2
,
 1− ∂xu (x, t0)√
1 + (∂xu (x, t0))
2
 ω√
2

Note that by (4.2) we have
max
{∣∣∣∣u (x, t0)x
∣∣∣∣ , |∂xu (x, t0)|} ≤ 13
for x ≥ 16ρ.
Now fix x∗ ≥ 15ρ and let
ν∗ = ω∗ =
(n-1) copies︷ ︸︸ ︷0, · · · , 0 , 1

e =
(−1√
2
ν∗,
1√
2
ω∗
)
X∗ = Xt0 (x∗, ν∗, ω∗) =
(
(x∗ − u (x∗, t0)) ν∗√
2
, (x∗ + u (x∗, t0))
ω∗√
2
)
Notice that
|Xt0 −X∗|2 ≥
1
2
(x− u (x, t0))2
(
1− (ν · ν∗)2
)
+
1
2
(x+ u (x, t0))
2
(
1− (ω · ω∗)2
)
≥ x
2
2
(
1−
∣∣∣∣u (x, t0)x
∣∣∣∣)2max{1− (ν · ν∗)2 , 1− (ω · ω∗)2}
≥ ρ
2
9
max
{
1− (ν · ν∗)2 , 1− (ω · ω∗)2
}
Thus, for Xt0 ∈ Σt0 ∩B
(
X∗; 130ρ
)
, there holds
min {ν · ν∗, ω · ω∗} ≥
√
91
10
which implies
(
NΣt0 (Xt0) · e
)−1
=
2
√
1 + (∂xu (x, t0))
2
(1 + ∂xu (x, t0)) (ν · ν∗) + (1− ∂xu (x, t0)) (ω · ω∗)
(6.48) ≤
√
10
ν · ν∗ + ω · ω∗ ≤
10
√
10
2
√
91
By the gradient estimates in [EH], we then get
(NΣt (Xt) · e)−1 ≤
(
1− |Xt −X∗|
2 + 2n (t− t0)(
1
30ρ
)2
)−1
sup
Σt0∩B(X∗; 130ρ)
(
NΣt0 · e
)−1
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for Xt ∈ Σt ∩ B
(
X∗;
√(
1
30ρ
)2 − 2n (t− t0)), where NΣt (Xt) is the unit normal
vector of Σt at Xt. Consequently,
(6.49) (N (Xt) · e)−1 ≤
(
1−
(
30
31
)2)
10
√
10
2
√
91
forXt ∈ Σt∩B
(
X∗;
√(
1
31ρ
)2 − 2n (t− t0)). It follows, by the curvature estimates
in [EH], that
|AΣt (Xt)| ≤ C (n)
(
1√
t− t0
+
1
ρ
)
for Xt ∈ Σt ∩ B
(
X∗;
√(
1
32ρ
)2 − 2n (t− t0)), where AΣt (Xt) is the second fun-
damental form of Σt at Xt. Thus, by choosing |t0| ≪ ρ2 (depending on n), we may
assume that √(
1
32
ρ
)2
− 2n (t− t0) ≥ 1
33
ρ
for all t0 ≤ t ≤ t˚, and
(6.50) |AΣt (Xt)| ≤
C (n)√
t− t0
for Xt ∈ Σt ∩B
(
X∗; ρ33
)
, t0 ≤ t ≤ t˚.
Next, consider the “normal parametrization” for the MCF {Σt}t0≤t≤t˚, i.e. let
Xt (x, ν, ω) = X (x, ν, ω; t) so that
∂tX (x, ν, ω; t) = HΣt (X (x, ν, ω; t)) NΣt (X (x, ν, ω; t))
X (x, ν, ω; t0) = Xt0 (x, ν, ω)
For each x ≥ ρ, ν, ω ∈ Sn−1, let t(x, ν, ω) ∈
(
t0, t˚
]
be the maximal time so that
Xt (x, ν, ω) ∈ Σt ∩B
(
Xt0 (x, ν, ω) ;
1
33
ρ
)
for all t0 ≤ t ≤ t(x, ν, ω). Then we have
|∂tXt (x, ν, ω)| = |HΣt (Xt (x, ν, ω))| ≤
C (n)√
t− t0
and hence
(6.51) |Xt (x, ν, ω)−Xt0 (x, ν, ω)| ≤ C (n)
√
t− t0
for all t0 ≤ t ≤ t(x, ν, ω). Thus, if |t0| ≪ 1 (depending on n), we may assume that
t(x, ν, ω) = t˚ and
(6.52) dH
(
Σt \B
(
O;
1
5
ρ
)
, Σt0 \B
(
O;
1
5
ρ
))
≤ C (n)√t− t0
for all t0 ≤ t ≤ t˚, where dH is the Hausdorff distance. It follows that
|u (x, t)− u (x, t0)| ≤ C (n)
√
t− t0
for x ≥ 15ρ, t0 ≤ t ≤ t˚.
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Furthermore, by taking x = x∗, ν = ν∗, ω = ω∗ in (6.48) and replace t0 by t,
one could get
(NΣt (Xt (x∗, ν∗, ω∗)) · e)−1 =
√
1 + (∂xu (x∗, t))
2
So by (6.49) and (6.51) , we have
(6.53) |∂xu(x∗, t)| . 1
for t0 ≤ t ≤ t˚ (and any x∗ ≥ 15ρ). For the second derivative, notice that∣∣∂2xxu (x∗, t)∣∣(
1 + (∂xu (x∗, t))
2
) 3
2
≤ |AΣt (Xt (x∗, ν∗, ω∗))|
By (6.50), (6.51) and (6.53), we conclude∣∣∂2xxu(x∗, t)∣∣ ≤ C (n)√t− t0
for t0 ≤ t ≤ t˚ (and any x∗ ≥ 15ρ). 
7. Smooth estimates in Proposition 4.4 and Proposition 4.5
This section is a continuation of Section 6. For ease of notation, from now on,
let’s denote Σ
(a0, a1)
t by Σt, Γ
(a0, a1)
τ by Γτ and Π
(a0, a1)
s by Πs. Here we would like
to show that if 0 < ρ≪ 1≪ β (depending on n, Λ) and |t0| ≪ 1 (depending on n,
Λ, ρ, β) , then
• In the outer region, the function u (x, t) of Σ(a0, a1)t defined in (3.6) sat-
isfies (4.14).
• In the tip region, if we do the type II rescaling, the function wˆ (z, τ) of
the rescaled hypersurface Γ
(a0, a1)
τ defined in (3.20) satisfies satisfies (4.16).
Moreover, for any 0 < δ ≪ 1, m, l ∈ Z+, there hold the following higher order
derivatives estimates.
(1) In the outer region, the function u (x, t) of Σ
(a0, a1)
t defined in (3.6) sat-
isfies (4.17) and (4.18) (see Proposition 7.4 and Proposition 7.5).
(2) In the intermediate region, if we do the type I rescaling, the function
v (y, s) of the rescaled hypersurface Π
(a0, a1)
s defined in (3.11) satisfies (4.19)
and (4.20) (see Proposition 7.6).
(3) In the tip region, if we do the type II rescaling, the function wˆ (z, τ)
of the rescaled hypersurface Γ
(a0, a1)
τ defined in (3.20) satisfies (4.23) (see
Proposition 7.12).
We establish (4.14) and (4.16) by using the maximum principle and curvature es-
timates in [EH]. Then we use Krylov-Safonov estimates and Schauder estimates,
together with (3.8) (which is equivalent to (3.14) and (3.27)), (4.14) and (4.16), to
derive (4.17), (4.18), (4.19), (4.20) and (4.23).
Let’s start with proving (4.14). The C0 estimats has already been shown in
Proposition 6.5 and Proposition 6.7, in which we also get the first and second
derivative bounds for u (x, t) (see (6.47)). In the next lemma, we improve the first
derivative bound in Proposition 6.7 by using the maximum principle, which turns
out to be useful when we derive an improved second derivative estimate in Lemma
7.3.
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Lemma 7.1. If 0 < ρ≪ 1 (depending on n, Λ) and |t0| ≪ 1 (depending on n, ρ),
there holds
sup
x≥ 14ρ
|∂xu (x, t)| ≤ sup
x≥ 15ρ
|∂xu (x, t0)| + C (n, ρ)
√
t− t0
for t0 ≤ t ≤ t˚.
Proof. First, differentiate (3.7) with respect to x to get
∂t (∂xu)− 1
1 + (∂xu)
2 ∂
2
xx (∂xu)−
(
a (x, t) ∂2xxu+ b (x, t)
)
∂x (∂xu) = f (x, t)
where
a (x, t) =
−2 ∂xu (x, t)(
1 + (∂xu (x, t))
2
)2
b (x, t) =
2 (n− 1)
x
(
1−
(
u(x, t)
x
)2)
f (x, t) =
−4 (n− 1)
(
u(x, t)
x
)(
1− (∂xu (x, t))2
)
x2
(
1−
(
u(x, t)
x
)2)2
For each R ≥ 2, let η (x) be a smooth function so that
χ( 14ρ,R−1) ≤ η ≤ χ( 15ρ, R)
(7.1) |∂xη (x)| +
∣∣∂2xxη (x)∣∣ ≤ C (ρ)
It follows that
∂t (η ∂xu)− 1
1 + (∂xu)
2 ∂
2
xx (η ∂xu)−
(
a (x, t) ∂2xxu+ b (x, t)
)
∂x (η ∂xu)
(7.2) = −
(
∂2xxη
1 + (∂xu)
2 +
(
a (x, t) ∂2xxu+ b (x, t)
)
∂xη
)
(∂xu)
+ η (x) f (x, t) − 2
1 + (∂xu)
2 ∂xη
(
∂2xxu
)
Now let
(η ∂xu)max (t) = maxx
(η (x) ∂xu (x, t))
By (3.8), (4.2) and (6.47), if 0 < ρ ≪ 1 (depending on n, Λ), |t0| ≪ 1 (depending
on n, ρ), we may assume that
(7.3)

∣∣∣u(x, t)x ∣∣∣ ≤ 13
|∂xu (x, t)| . 1∣∣∂2xxu (x, t)∣∣ ≤ C(n, ρ)√t−t0
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for x ≥ 15ρ, t0 ≤ t ≤ t˚. Thus, by (7.1) and (7.3), applying the maximum principle
to (7.2) yields
∂t (η ∂xu)max ≤
C (n, ρ)√
t− t0
which implies
(η ∂xu)max (t) ≤ (η ∂xu)max (t0) + C (n, ρ)
√
t− t0
Likewise, if we define
(η ∂xu)min (t) = minx
(η (x) ∂xu (x, t))
by the same argument, we get
(η ∂xu)min (t) ≥ (η ∂xu)min (t0) − C (n, ρ)
√
t− t0

Before moving on to the second derivative estimate, we derive the following
lemma, which is about some properties of the cut-off functions to be used.
Lemma 7.2. Let η (r) be a smooth, non-increasing function so that
χ(−∞, 0) ≤ η ≤ χ(−∞, 1)
and η (r) vanishes at r = 1 to infinite order. Then
sup
r
(∂rη (r))
2
η (r)
<∞
for r ≤ 1.
Proof. By L’Hoˆpital’s rule, we have
lim
rր1
(∂rη (r))
2
η (r)
= 2 lim
rր1
∂2rrη (r) = 0
Also, for r ≤ 0 or r > 1, there holds
(∂rη (r))
2
η (r)
= 0
Thus, the conclusion follows easily. 
Below is an improved estimate for the second derivative of u (s, t) in the outer
region. Note that the proof requres |∂xu (x, t)| < 1√3 , which is guqranteed by (4.2)
and Lemma 7.1.
Lemma 7.3. If 0 < ρ≪ 1 (depending on n, Λ) and |t0| ≪ 1 (depending on n, ρ),
there holds
sup
x≥ 13ρ
∣∣∂2xxu (x, t)∣∣ ≤ sup
x≥ 14ρ
∣∣∂2xxu (x, t0)∣∣ + C (n, ρ)
for t0 ≤ t ≤ t˚.
Proof. Differentiating (3.7) with respect to x twice yields
∂t
(
∂2xxu
)− 1
1 + (∂xu)
2 ∂
2
xx
(
∂2xxu
)−
 −6 ∂xu(
1 + (∂xu)
2
)2 (∂2xxu)+ 2 (n− 1)
x
(
1− (u
x
)2)
 ∂x (∂2xxu)
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= −
2
(
1− 3 (∂xu)2
)
(
1 + (∂xu)
2
)3 (∂2xxu)3 − 2 (n− 1)
(
1 +
(
u
x
)2 − 6 (u
x
)
∂xu
)
x2
(
1− (u
x
)2)2 (∂2xxu)
−
4 (n− 1)
(
1− (∂xu)2
)
x3
(
1− (u
x
)2)3
((
1 + 3
(u
x
)2)
(∂xu)−
(
3 +
(u
x
)2)(u
x
))
For each R ≥ 2, let η (x) be a smooth function so that
χ( 13ρ,R−1) ≤ η ≤ χ( 14ρ, R)
and η (x) is increasing in
[
1
4ρ,
1
3ρ
]
and decreasing on [R− 1, R]; moreove, η (x)
vanishes at x = 14ρ and x = R to infinite order. Notice that by Lemma 7.2, we may
assume
(7.4)
(∂xη (x))
2
η (x)
+ |∂xη (x)| +
∣∣∂2xxη (x)∣∣ ≤ C (ρ)
It follows that
∂t
(
η ∂2xxu
)− 1
1 + (∂xu)
2 ∂
2
xx
(
η ∂2xxu
)−
 −6 ∂xu(
1 + (∂xu)
2
)2 (∂2xxu)+ 2 (n− 1)
x
(
1− (u
x
)2)
 ∂x (η ∂2xxu)
= −
2
(
1− 3 (∂xu)2
)
(
1 + (∂xu)
2
)3 η (∂2xxu)3 − 2 (n− 1) η (x)
(
1 +
(
u
x
)2 − 6 (u
x
)
∂xu
)
x2
(
1− (u
x
)2)2 (∂2xxu)
−η (x)
4 (n− 1)
(
1− (∂xu)2
)
x3
(
1− (u
x
)2)3
((
1 + 3
(u
x
)2)
(∂xu)−
(
3 +
(u
x
)2)(u
x
))
+
− ∂2xxη
1 + (∂xu)
2 − ∂xη (x)
 −6 ∂xu(
1 + (∂xu)
2
)2 (∂2xxu)+ 2 (n− 1)
x
(
1− (u
x
)2)

(∂2xxu)
− 2
1 + (∂xu)
2 ∂xη ∂x
(
∂2xxu
)
Note that we can rewrite the last term on the RHS of the above equation as
− 2
1 + (∂xu)
2 ∂xη ∂x
(
∂2xxu
)
= − 2
1 + (∂xu)
2
∂xη
η
(
∂x
(
η ∂2xxu
)− (∂xη) (∂2xxu))
So the equation of η ∂2xxu can be rewritten as
(7.5) ∂t
(
η ∂2xxu
)− 1
1 + (∂xu)
2 ∂
2
xx
(
η ∂2xxu
)
−
 −6 ∂xu(
1 + (∂xu)
2
)2 (∂2xxu)+ 2 (n− 1)
x
(
1− (u
x
)2) − 21 + (∂xu)2
(
∂xη
η
) ∂x (η ∂2xxu)
= −a (x, t) η (∂2xxu)3 + b (x, t) (∂2xxu)2 + c (x, t) (∂2xxu)+ η (x) f (x, t)
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where
a (x, t) =
2
(
1− 3 (∂xu)2
)
(
1 + (∂xu)
2
)3
b (x, t) =
6 ∂xη ∂xu(
1 + (∂xu)
2
)2
c (x, t) = −
2 (n− 1) η (x)
(
1 +
(
u
x
)2 − 6 (u
x
)
∂xu
)
x2
(
1− (u
x
)2)2
− ∂
2
xxη
1 + (∂xu)
2 −
2 (n− 1) ∂xη
x
(
1− (u
x
)2) + 21 + (∂xu)2 (∂xη)
2
η
f (x, t) = −
4 (n− 1)
(
1− (∂xu)2
)
x3
(
1− (u
x
)2)3
((
1 + 3
(u
x
)2)
(∂xu)−
(
3 +
(u
x
)2)(u
x
))
By (3.8), (4.2), (6.47) and Lemma 7.1, if 0 < ρ ≪ 1 (depending on n, Λ) and
|t0| ≪ 1 (depending on n, ρ), we have
max
{∣∣∣∣u (x, t)x
∣∣∣∣ , |∂xu (x, t)|} ≤ 13
for x ≥ 14ρ, t0 ≤ t ≤ t˚, which, together with (7.4), implies
(7.6)

972
1000 ≤ a (x, t) ≤ 2
|b (x, t)| + |c (x, t)| + |f (x, t)| ≤ C (n, ρ)
for x ≥ 14ρ, t0 ≤ t ≤ t˚. Now let
M = max
1
4ρ≤x≤R, t0≤t≤t˚
η (x) ∂2xxu (x, t)
If
M ≤ max
1
4
ρ≤x≤R
(
η (x) ∂2xxu (x, t0)
)
+
then we are done; otherwise, we have
M > max
1
4ρ≤x≤R
(
η (x) ∂2xxu (x, t0)
)
+
In the later case, let (x∗, t∗) be a maximum point of η ∂2xxu in the spacetime, i.e.
η (x∗) ∂2xxu (x∗, t∗) = M
then we have 14ρ < x∗ < R, t0 < t ≤ t˚. Applying the maximum pricinple to (7.5)
yields
0 ≤ −a (x∗, t∗) η (x∗)
(
∂2xxu (x∗, t∗)
)3
+ b ((x∗, t∗))
(
∂2xxu (x∗, t∗)
)2
+c (x∗, t∗)
(
∂2xxu (x∗, t∗)
)
+ η (x∗) f (x∗, t∗)
=
1
η2 (x∗)
(−a (x∗, t∗)M3 + b (x∗, t∗)M2 + η (x∗) c (x∗, t∗)M + η3 (x∗) f (x∗, t∗))
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It follows, by Young’s inequality and (7.6), that
M3 ≤ 8
3
( |b (x∗, t∗)|
a (x∗, t∗)
)3
+
4
√
2
3
( |c (x∗, t∗)|
a (x∗, t∗)
) 3
2
+
|f (x∗, t∗)|
a (x∗, t∗)
≤ C (n, ρ)
Therefore, in either case, we have
max
1
4ρ≤x≤R, t0≤t≤t˚
η (x) ∂2xxu (x, t) ≤ max
x≥ 14 ρ
(
η (x) ∂2xxu (x, t0)
)
+
+ C (n, ρ)
Likewise, by the same argument, one could show that
min
ρ
4≤x≤R, t0≤t≤t˚
η (x) ∂2xxu (x, t) ≥ −min
x≥ ρ4
(
η (x) ∂2xxu (x, t0)
)− C (n, ρ)

In the next proposition, we apply the standard regularity theory for parabolic
equations to (3.7), together with (4.14), to derive (4.17).
Proposition 7.4. There holds (4.14).
Proof. Given 0 < δ ≪ 1, let’s fix x∗ ≥ 12ρ, t0 + δ2 ≤ t∗ ≤ t˚. By (4.14) and
Krylov-Safonov Ho¨lder estimates (applying to (3.7)), there is
γ = γ (n, ρ) ∈ (0, 1)
so that
(7.7) [u]
γ;Q(x∗, t∗; δ2 )
≤ C (n, ρ, δ) ‖u‖L∞(Q(x∗, t∗; δ)) ≤ C (n, ρ, δ)
Next, differentiate (3.7) with respect to x to get
∂t (∂xu)− 1
1 + (∂xu)
2 ∂
2
xx (∂xu)
−
 −2 ∂xu ∂2xxu(
1 + (∂xu)
2
)2 + 2 (n− 1)
x
(
1− (u
x
)2)
 ∂x (∂xu)−
4 (n− 1) (ux) ∂xu
x2
(
1− (u
x
)2)2
 (∂xu)
=
−4 (n− 1) (u
x
)
x2
(
1− (u
x
)2)2
Then by (4.14) and Krylov-Safonov Ho¨lder estimates (applying to the above equa-
tion of ∂xu), we may assume that for the same exponent γ, there holds
[∂xu]γ;Q(x∗, t∗; δ2 )
≤ C (n, ρ, δ)
(
‖∂xu‖L∞(Q(x∗, t∗; δ)) +
∥∥∥u
x
∥∥∥
L∞(Q(x∗, t∗; δ))
)
(7.8) ≤ C (n, ρ, δ)
It follows, by (4.14), (7.7), (7.8) and Schauder C2,γ estimates (applying to (3.7)),
that [
∂2xxu
]
γ;Q(x∗, t∗; δ3 )
≤ C (n, ρ, δ) ‖u‖
L∞(Q(x∗, t∗; δ2 ))
≤ C (n, ρ, δ)
By the bootstrap argument, one could show that for any m ∈ Z+, there holds
(7.9) ‖∂mx u‖L∞(Q(x∗, t∗; δm+1)) + [∂
m
x u]γ;Q(x∗, t∗; δm+1)
≤ C (n, ρ, δ, m)
Moreover, by (3.7) and (7.9), we immediately get
‖∂mx ∂tu‖L∞(Q(x∗, t∗; δm+3 )) + [∂
m
x ∂tu]γ;Q(x∗, t∗; δm+3)
≤ C (n, ρ, δ, m)
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for any m ∈ Z+. Differentiating (3.7) with respect to t and using the above esti-
mates gives∥∥∂mx ∂2t u∥∥L∞(Q(x∗, t∗; δm+5 )) + [∂mx ∂2t u]γ;Q(x∗, t∗; δm+5 ) ≤ C (n, ρ, δ, m)
for any m ∈ Z+. Continuing this process and using induction yields∥∥∂mx ∂ltu∥∥L∞(Q(x∗, t∗; δm+2l+1 )) + [∂mx ∂ltu]γ;Q(x∗, t∗; δm+2l+1 ) ≤ C (n, ρ, δ, m, l)
for any m, l ∈ Z+. 
In the following proposition, we prove (4.18) by using (3.7), (3.8), (6.5), (6.20)
and the regularity theory for parabolic equations.
Proposition 7.5. If 0 < ρ ≪ 1 (depending on n, Λ) and |t0| ≪ 1 (depending on
n, Λ, ρ), there holds (4.18).
Proof. Notice that by (3.8), we have
(7.10) max
{∣∣∣∣u (x, t)x
∣∣∣∣ , |∂xu (x, t)|} ≤ 13
(7.11)
xi
∣∣∂ixu (x, t)∣∣ ≤ Λ((−t)2 xα + x2λ2+1) ≤ C (n, Λ)x2λ2+1 ∀ i ∈ {0, 1, 2}
for 13
√−t ≤ x ≤ ρ, t0 ≤ t ≤ t˚, provided that 0 < ρ ≪ 1 (depending on n, Λ) and
|t0| ≪ 1 (depending on n, Λ, ρ).
Given 0 < δ ≪ 1, let’s fix (x∗, t∗) so that
1
2
√−t∗ ≤ x∗ ≤ 3
4
ρ, t0 + δ
2x2∗ ≤ t∗ ≤ t˚
Define
h (r, ι) = u
(
rx∗, t∗ + ιx2∗
)
for 23 ≤ r ≤ 43 , −δ2 ≤ ι ≤ 0. From (3.7), there holds
(7.12) ∂ιh− a (r, ι) ∂2rrh− b (r, ι) ∂rh− c (r, ι)h = 0
where
a (r, ι) =
1
1 + (∂xu (x, t))
2
∣∣∣∣∣
x=rx∗, t=t∗+ιx2∗
b (r, ι) =
1
r
 2 (n− 1)
1−
(
u(x, t)
x
)2

∣∣∣∣∣∣∣
x=rx∗, t=t∗+ιx2∗
c (r, ι) =
1
r2
 2 (n− 1)
1−
(
u(x, t)
x
)2

∣∣∣∣∣∣∣
x=rx∗, t=t∗+ιx2∗
By (7.10), (7.11) and Krylov-Safonov Ho¨lder estimates, there is
γ = γ (n, Λ) ∈ (0, 1)
so that
[h]
γ;Q(1,0; δ2 )
≤ C (n, δ) ‖h‖L∞(Q(1,0; δ)) ≤ C (n, Λ, δ)x2λ2+1∗
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In other words, we get
(7.13) xγ∗ [u]γ;Q(x∗, t∗; δ2x∗) ≤ C (n, Λ, δ)x
2λ2+1∗
Next, differentiate (3.7) with respect to x to get
(7.14) ∂t (∂xu)− 1
1 + (∂xu)
2 ∂
2
xx (∂xu)
− 1
x
−2 ∂xu (x∂2xxu)(
1 + (∂xu)
2
)2 + 2 (n− 1)
1− (u
x
)2
 ∂x (∂xu)− 1
x2
4 (n− 1) (ux) ∂xu(
1− (u
x
)2)2
 (∂xu)
=
1
x2
 −4 (n− 1)(
1− (u
x
)2)2 (ux)

Define
h˜ (r, ι) = ∂xu
(
rx∗, t∗ + ιx2∗
)
then we have
(7.15) ∂ιh˜− a˜ (r, ι) ∂2rrh˜− b˜ (r, ι) ∂rh˜− c˜ (r, ι) h˜ = f˜ (r, ι)
where
a˜ (r, ι) =
1
1 + (∂xu (x, t))
2
∣∣∣∣∣
x=rx∗, t=t∗+ιx2∗
b˜ (r, ι) =
1
r
−2 ∂xu (x, t) (x∂2xxu (x, t))(
1 + (∂xu (x, t))
2
)2 + 2 (n− 1)
1−
(
u(x, t)
x
)2

∣∣∣∣∣∣∣
x=rx∗, t=t∗+ιx2∗
c˜ (r, ι) =
1
r2
4 (n− 1)
(
u(x, t)
x
)
∂xu (x, t)(
1−
(
u(x, t)
x
)2)2

∣∣∣∣∣∣∣∣∣
x=rx∗, t=t∗+ιx2∗
f˜ (r, ι) =
1
r2
 −4 (n− 1)(
1−
(
u(x, t)
x
)2)2
(
u (x, t)
x
)
∣∣∣∣∣∣∣∣∣
x=rx∗, t=t∗+ιx2∗
By (7.10), (7.11) and Krylov-Safonov Ho¨lder estimates, we may assume that for
the same exponent γ, there holds[
h˜
]
γ;Q(1,0; δ2 )
≤ C (n, Λ, δ)
(∥∥∥h˜∥∥∥
L∞(Q(1,0; δ))
+
∥∥∥f˜∥∥∥
L∞(Q(1,0; δ))
)
≤ C (n, Λ, δ)x2λ2∗
which implies
(7.16) xγ∗ [∂xu]γ;Q(x∗, t∗; δ2x∗) ≤ C (n, Λ, δ)x
2λ2∗
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Thus, by (7.10), (7.11), (7.13), (7.16), applying Schauder C2,γ estimates to (7.12)
yields [
∂2rrh
]
γ;Q(1, 0; δ3 )
≤ C (n, Λ, δ) ‖h‖
L∞(Q(1, 0; δ2 ))
≤ C (n, Λ, δ)x2λ2+1∗
which implies
(7.17) x2+γ∗
[
∂2xxu
]
γ;Q(x∗, t∗; δ3x∗)
≤ C (n, Λ, δ)x2λ2+1∗
By the bootstrap and rescaling argument, one could show that for any m ∈ Z+,
there holds
xm∗ ‖∂mx u‖L∞(Q(x∗, t∗; δm+1x∗)) + x
m+γ
∗ [∂
m
x u]γ;Q(x∗, t∗; δm+1x∗)
(7.18) ≤ C (n, Λ, δ, m)x2λ2+1∗
It follows, by (3.7) and (7.18), that
xm+2∗ ‖∂mx ∂tu‖L∞(Q(x∗, t∗; δm+3x∗)) + x
m+2+γ
∗ [∂
m
x ∂tu]γ;Q(x∗, t∗; δm+3x∗)
≤ C (n, Λ, δ, m)x2λ2+1∗
for any m ∈ Z+. Then differentiate (3.7) with respect to t and use the above
estimates to get
xm+4∗
∥∥∂mx ∂2t u∥∥L∞(Q(x∗, t∗; δm+5x∗)) + xm+4+γ∗ [∂mx ∂2t u]γ;Q(x∗, t∗; δm+5x∗)
≤ C (n, Λ, δ, m)x2λ2+1∗
Continuing this process and using induction yields
xm+2l∗
∥∥∂mx ∂ltu∥∥L∞(Q(x∗, t∗; δm+2l+1x∗)) + xm+2l+γ∗ [∂mx ∂ltu]γ;Q(x∗, t∗; δm+2l+1x∗)
(7.19) ≤ C (n, Λ, δ, m)x2λ2+1∗
for any m, l ∈ Z+.
On the other hand, by Proposition 3.1, there holds
(∂s + L)
(
ke−λ2sϕ2 (y)
)
= 0
By a rescaling argument, we get
(7.20)
(
∂t − ∂2xx −
2 (n− 1)
x
∂x − 2 (n− 1)
x2
)(
k (−t)λ2+ 12 ϕ2
(
x√−t
))
= 0
In addition, by (3.7) we have
(7.21)
(
∂t − ∂2xx −
2 (n− 1)
x
∂x − 2 (n− 1)
x2
)
u (x, t) =
f (x, t)
x2
where
f (x, t) = − (∂xu)
2
1 + (∂xu)
2
(
x2 ∂2xxu
)
+
2 (n− 1) (u
x
)2
1− (u
x
)2 (x∂xu) + 2 (n− 1)
(
u
x
)2
1− (u
x
)2 u
Note that by (7.10) and (7.19) we have
xm+2l∗
∥∥∂mx ∂ltf (x, t)∥∥L∞(Q(x∗, t∗; δm+2l+1x∗)) + xm+2l+γ∗ [∂mx ∂ltf (x, t)]γ;Q(x∗, t∗; δm+2l+1x∗)
(7.22) ≤ C (n, Λ, δ, m, l)x4λ2∗ x2λ2+1∗
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for any m, l ∈ Z+. Subtract (7.20) from (7.21) to get(
∂t − ∂2xx −
2 (n− 1)
x
∂x − 2 (n− 1)
x2
)(
u (x, t)− k (−t)λ2+ 12 ϕ2
(
x√−t
))
=
f (x, t)
x2
Then by the rescaling argument, together with (7.22) and Schauder estimates, we
get
xm+2l∗
∥∥∥∥∂mx ∂lt (u (x, t)− k (−t)λ2+ 12 ϕ2( x√−t
))∥∥∥∥
L∞(Q(x∗, t∗; δm+2l+2x∗))
≤ C (n, Λ, δ, m, l)
∥∥∥∥u (x, t)− k (−t)λ2+ 12 ϕ2( x√−t
)∥∥∥∥
L∞(Q(x∗, t∗; δm+2l+1x∗))
+C (n, Λ, δ, m, l)
m∑
i=0
l∑
j=0
xi+2j∗
∥∥∥∂ix∂jt f (x, t)∥∥∥
L∞(Q(x∗, t∗; δm+2l+1x∗))
+C (n, Λ, δ, m, l)
m∑
i=0
l∑
j=0
xi+2j+γ∗
[
∂ix∂
j
t f (x, t)
]
γ;Q(x∗, t∗; δm+2l+1x∗)
≤ C (n, Λ, δ, m, l)
(
(−t0)ςλ2 + x4λ2∗
)
x2λ2+1∗
for any m, l ∈ Z+. 
Below we use (3.13), (3.14), (6.6), (6.7) and the regularity theory to show (4.19)
and (4.20).
Proposition 7.6. If β ≫ 1 (depending on n, Λ), s0 ≫ 1 (depending on n, Λ, β),
there hold (4.19) and (4.20).
Proof. By (3.14), we have
(7.23) yi
∣∣∂iyv (y, s)∣∣ ≤ Λe−λ2s (yα + y2λ2+1) ≤ C (n, Λ) e−λ2syα
for βe−σs ≤ y ≤ 3, s0 ≤ s ≤ s˚. In particular, we may assume that
max
{∣∣∣∣v (y, s)y
∣∣∣∣ , |∂yv (y, s)|} ≤ C (n, Λ) e−λ2syα−1 ≤ 13
for βe−σs ≤ y ≤ 3, s0 ≤ s ≤ s˚, provided that β ≫ 1 (depending on n, Λ).
Now given 0 < δ ≪ 1 and fix (y∗, s∗) so that
3
2
βe−σs∗ ≤ y∗ ≤ 2, s0 + δ2y2∗ ≤ s∗ ≤ s˚
From (3.13), we have
∂sv − 1
1 + (∂yv)
2 ∂
2
yyv −
1
y
 2 (n− 1)
1−
(
v
y
)2 − y22
 ∂yv − 1
y2
 2 (n− 1)
1−
(
v
y
)2 + y22
 v = 0
By (7.23) and Krylov-Safonov Ho¨lder estimates, there is
γ = γ (n, Λ) ∈ (0, 1)
so that
(7.24) yγ∗ [v]γ;Q(y∗, s∗; δ2 y∗) ≤ C (n, δ) ‖v‖L∞(Q(y∗, s∗; δy∗)) ≤ C (n, Λ, δ) e
−λ2s∗yα∗
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Differentiate (3.13) with respect to y to get
∂s (∂yv)− 1
1 + (∂yv)
2 ∂
2
yy (∂yv)
−1
y
−2 (∂yv) (y ∂2yyv)(
1 + (∂yv)
2
)2 + 2 (n− 1)
1−
(
v
y
)2 − y22
 ∂y (∂yv)− 1
y2
4 (n− 1)
(
v
y
)
∂yv(
1−
(
v
y
)2)2
 (∂yv)
=
1
y2
−4 (n− 1)
(
v
y
)
(
1−
(
v
y
)2)2

By (7.23) and Krylov-Safonov Ho¨lder estimates, we may assume that for the same
γ, there holds
yγ∗ [∂yv]γ;Q(y∗, s∗; δ2y∗) ≤ C (n, Λ, δ)
(
‖∂yv‖L∞(Q(y∗, s∗; δy∗)) +
∥∥∥∥vy
∥∥∥∥
L∞(Q(y∗, s∗; δy∗))
)
(7.25) ≤ C (n, Λ, δ) e−λ2s∗yα−1∗
By (7.23), (7.24) and (7.25), applying Schauder C2, γ estimates to (3.13) yields
(7.26)
y2+γ∗
[
∂2yyv
]
γ;Q(y∗, s∗; δ3y∗)
≤ C (n, Λ, δ) ‖v‖
L∞(Q(y∗, s∗; δ2y∗))
≤ C (n, Λ, δ) e−λ2s∗yα∗
Then by the bootstrap argument, one could show that
ym∗
∥∥∂my v (y, s)∥∥L∞(Q(y∗, s∗; δm+1y∗)) + ym+γ∗ [∂my v (y, s)]γ;Q(y∗, s∗; δm+1y∗)
(7.27) ≤ C (n, Λ, δ, m) e−λ2s∗yα∗
for all m ∈ Z+. Furthermore, by (3.13) and (7.27), we get
ym+2∗
∥∥∂my ∂sv (y, s)∥∥L∞(Q(y∗, s∗; δm+3y∗)) + ym+2+γ∗ [∂my ∂sv (y, s)]γ;Q(y∗, s∗; δm+3y∗)
≤ C (n, Λ, δ, m) e−λ2s∗yα∗
for all m ≥ 0. Diffrentiating (3.13) with respect to s and using the above estimates
gives
ym+4∗
∥∥∂my ∂2sv (y, s)∥∥L∞(Q(y∗, s∗; δm+5y∗)) + ym+4+γ∗ [∂my v (y, s)]γ;Q(y∗, s∗; δm+5y∗)
≤ C (n, Λ, δ, m) e−λ2s∗yα∗
Continuing this process and using induction yields
ym+2l∗
∥∥∂my ∂lsv (y, s)∥∥L∞(Q(y∗, s∗; δm+2l+1y∗))+ym+2l+γ∗ [∂my ∂lsv (y, s)]γ;Q(y∗, s∗; δm+2l+1y∗)
(7.28) ≤ C (n, Λ, δ, m, l) e−λ2s∗yα∗
for any m, l ∈ Z+.
If e−ϑσs∗ ≤ y∗ ≤ 2, recall that by Proposition 3.1, there holds
(∂s + L)
(
k
c2
e−λ2sϕ2 (y)
)
= 0
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That is,
(7.29)(
∂s − ∂2yy +
1
y
(
2 (n− 1)− y
2
2
)
∂y − 1
y2
(
2 (n− 1) + y
2
2
))(
k
c2
e−λ2sϕ2 (y)
)
= 0
In addition, from (3.13) we have
(7.30)(
∂s − ∂2yy +
1
y
(
2 (n− 1)− y
2
2
)
∂y − 1
y2
(
2 (n− 1) + y
2
2
))
v (y, s) =
h (y, s)
y2
where
h (y, s) = − (∂yv)
2
1 + (∂yv)
2
(
y2 ∂2yyv
)
+
2 (n− 1)
(
v
y
)2
1−
(
v
y
)2 (y ∂yv) + 2 (n− 1)
(
v
y
)2
1−
(
v
y
)2 v
Notice that by (7.28), the function h (y, s) satisfies
ym+2l∗
∥∥∂my ∂lsh (y, s)∥∥L∞(Q(y∗, s∗; δm+2l+1y∗)) + ym+2l+γ∗ [∂my ∂lsh (y, s)]γ;Q(y∗, s∗; δm+2l+1y∗)
≤ C (n, Λ, δ, m, l) (e−λ2s∗yα−1∗ )2 (e−λ2s∗yα∗ )
= C (n, Λ, δ, m, l)
(
e−λ2s∗yα−2∗
)2 (
e−λ2s∗yα+2∗
)
(7.31) = C (n, Λ, δ, m, l) e−κs∗
(
e−λ2s∗yα+2∗
)
for any m, l ∈ Z+. Then we substract (7.29) from (7.30) to get(
∂s − ∂2yy +
1
y
(
2 (n− 1)− y
2
2
)
∂y − 1
y2
(
2 (n− 1) + y
2
2
))(
v − k
c2
e−λ2sϕ2 (y)
)
=
h
y2
By (7.31) and Schauder estimates, we get
ym+2l∗
∥∥∥∥∂my ∂ls (v (y, s)− kc2 e−λ2sϕ2 (y)
)∥∥∥∥
L∞(Q(y∗, s∗; δm+2l+2y∗))
≤ C (n, Λ, δ, m, l)
∥∥∥∥v (y, s)− kc2 e−λ2sϕ2 (y)
∥∥∥∥
L∞(Q(y∗, s∗; δm+2l+1y∗))
+C (n, Λ, δ, m, l)
m∑
i=0
l∑
j=0
yi+2j∗
∥∥∂iy∂jsh∥∥L∞(Q(y∗, s∗; δm+2l+1y∗))
+C (n, Λ, δ, m, l)
m∑
i=0
l∑
j=0
yi+2j+γ∗
[
∂iy∂
j
sh
]
γ;Q(y∗, s∗; δm+2l+1y∗)
≤ C (n, Λ, δ, m, l) e−κs∗ (e−λ2s∗yα+2∗ )
for any m, l ∈ Z+.
If 32βe
−σs∗ ≤ y∗ ≤ e−ϑσs∗ , notice that
∂τψk (z) = 0 =
1
1 + (∂zψk (z))
2 ∂
2
zzψk (z) + 2 (n− 1)
z ∂zψk (z) + ψk (z)
z2 − ψ2k (z)
Let
(7.32) v˘ (y, s) = e−σs ψk (eσsy)
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then we have
∂sv˘ + σ (−y ∂y v˘ + v˘) = 1
1 + (∂y v˘)
2 ∂
2
yyv˘ + 2 (n− 1)
y ∂y v˘ + v˘
y2 − v˘2
Then we subtract the above equation from (3.13) to get
(7.33)
∂s (v − v˘)−a (y, s) ∂2yy (v − v˘)−
1
y
b (y, s) ∂z (v − v˘)− 1
y2
c (y, s) (v − v˘) = 1
y2
f (y, s)
where
a (z, τ) =
1
1 + (∂yv)
2
b (z, τ) =
− (y ∂2yyv˘) (∂yv + ∂y v˘)(
1 + (∂yv)
2
)(
1 + (∂y v˘)
2
) + 2 (n− 1)
1−
(
v
y
)2 − y22
c (z, τ) =
2 (n− 1)
(
∂y v˘ +
v˘
y
)(
v
y
+ v˘
y
)
(
1−
(
v
y
)2)(
1−
(
v˘
y
)2) + 2 (n− 1)
1−
(
v
y
)2 + y22
f (z, τ) =
(
1
2
+ σ
)
y2 (−y ∂y v˘ + v˘)
Note that by Lemma 2.3 and (7.32), we have
(7.34) ym
∣∣∂my v˘ (y, s)∣∣ ≤ C (n, m) e−λ2syα
for y ≥ β, which yields
ym+2l∗
∥∥∂my ∂lsf (y, s)∥∥L∞(Q(y∗, s∗; δm+2l+1y∗)) + ym+2l+γ∗ [∂my ∂lsf (y, s)]γ;Q(y∗, s∗; δm+2l+1y∗)
≤ C (n, δ, m, l) (e−λ2s∗yα+2∗ )
(7.35) ≤ C (n, δ, m, l) e−2ϑσs∗ (e−λ2s∗yα∗ )
since 32βe
−σs∗ ≤ y∗ ≤ e−ϑσs∗ . Thus, by (7.28), (7.34), (7.35) and applying Schauder
estimates to (7.33), we get
ym+2l∗
∥∥∂my ∂ls (v (y, s)− v˘ (y, s))∥∥L∞(Q(y∗, s∗; δm+2l+2y∗))
≤ C (n, Λ, δ, m, l) ‖v (y, s)− v˘ (y, s)‖
L∞(Q(y∗, s∗; δm+2l+1y∗))
+C (n, Λ, δ, m, l)
m∑
i=0
l∑
j=0
yi+2j∗
∥∥∂iy∂jsf∥∥L∞(Q(y∗, s∗; δm+2l+1y∗))
+C (n, Λ, δ, m, l)
m∑
i=0
l∑
j=0
yi+2j+γ∗
[
∂iy∂
j
sf
]
γ;Q(y∗, s∗; δm+2l+1y∗)
≤ C (n, Λ, δ, m, l)
(
βα−3e−2̺σ(s∗−s0)e−λ2s∗yα∗ + e
−2ϑσs∗ (e−λ2s∗yα∗ ))
≤ C (n, Λ, δ, m, l)βα−3e−2̺σ(s∗−s0)e−λ2s∗yα∗
provided that s0 ≫ 1 (depending on n, β). Notice that 0 < ̺ < ϑ. 
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Next, we would like to prove (4.16). The C0 estimate is already shown in Propo-
sition 6.6. Below we would prove the first and second derivatives estimates in
Lemma 7.9 and Lemma 7.11, respectively. Before that, notice that by (3.27) we
have
(7.36) zi
∣∣∂izw (z, τ)∣∣ ≤ Λ
(
zα +
z2λ2+1
(2στ)2
)
≤ C (n, Λ) zα, i ∈ {0, 1, 2}
for β ≤ z ≤ (2στ) 12 (1−ϑ), τ0 ≤ τ ≤ τ˚ ; in particular, we have
(7.37) max
{∣∣∣∣w (z, τ)z
∣∣∣∣ , |∂zw (z, τ)|} ≤ 13
for β ≤ z ≤ (2στ) 12 (1−ϑ), τ0 ≤ τ ≤ τ˚ , provided that β ≫ 1 (depending on n, Λ). In
the following lemma, we show how to transform the above estimates for w (z, τ) to
wˆ (z, τ) via the projected curve Γ¯τ defined in (3.23). This lemma is useful since it
provides the “boundary values” for estimating wˆ (z, τ) in the rescaled tip region.
Lemma 7.7. If β ≫ 1 (depending on n, Λ) and τ0 ≫ 1 (depending on n, Λ, ρ,
β), there hold
(7.38) |∂zwˆ (z, τ)− 1| ≤ C (n, Λ) zα−1
(7.39)
∣∣∂2zzwˆ (z, τ)∣∣ ≤ C (n, Λ) zα−2
for 2β ≤ z ≤ 12 (2στ)
1
2 (1−ϑ), τ0 ≤ τ ≤ τ˚ .
Proof. Let’s first parametrize the projected curve Γ¯τ by
Zτ =
(
(z − w (z, τ)) 1√
2
, (z + w (z, τ))
1√
2
)
In this parametrization, there hold
NΓ¯τ · e =
−∂zw (z, τ)√
1 + (∂zw (z, τ))
2
AΓ¯τ =
∂2zzw (z, τ)(
1 + (∂zw (z, τ))
2
) 3
2
where NΓ¯τ and AΓ¯τ are the (upward) unit normal vector and normal curvature of
Γ¯τ at Zτ , respectively, and
e =
(
1√
2
,
1√
2
)
By (7.36) and (7.37), we get
z ≤ |Zτ | =
√
z2 + (w (z, τ))
2 ≤
√
10
9
z
(7.40)
∣∣NΓ¯τ · e∣∣ ≤ C (n) Λ |Zτ | α−1
(7.41)
∣∣AΓ¯τ ∣∣ ≤ C (n) Λ |Zτ | α−2
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for β ≤ z ≤ (2στ) 12 (1−ϑ), τ0 ≤ τ ≤ τ˚ .
Now we reparametrize Γ¯τ as
Zτ = (z, wˆ (z, τ))
In that case, we have
|Zτ | =
√
z2 + (wˆ (z, τ))
2
(7.42) NΓ¯τ · e =
1− ∂zwˆ (z, τ)√
2
(
1 + (∂zwˆ (z, τ))
2
)
(7.43) AΓ¯τ =
∂2zzwˆ (z, τ)(
1 + (∂zwˆ (z, τ))
2
) 3
2
Note that by (2.3), (6.3) and (6.8), there holds
(7.44)
1
C (n)
≤ |Zτ |
z
≤ C (n)
for 2β ≤ z ≤ 12 (2στ)
1
2 (1−ϑ), provided that β ≫ 1 (depending on n) and τ0 ≫ 1
(depending on n, Λ, ρ, β). Moreover, by (7.40) we may assume∣∣NΓ¯τ · e∣∣ ≤ 1100√2
for 2β ≤ z ≤ 12 (2στ)
1
2 (1−ϑ). Since
lim
p→±∞
1− p√
2 (1 + p2)
= ∓ 1√
2
it follows, by (7.42), that
(7.45) |∂zwˆ (z, τ)| ≤ C
for 2β ≤ z ≤ 12
√
2στ . The conclusion follows by (7.40), (7.41), (7.42), (7.43), (7.44)
and (7.45). 
Remark 7.8. Note that for the last lemma, when τ = τ0, by (4.7) we have
NΓ¯τ0 · e =
−∂zw (z, τ0)√
1 + (∂zw (z, τ0))
2
> 0
for 12β ≤ z ≤ (2στ)
1
2 (1−ϑ), τ0 ≤ τ ≤ τ˚ . Consequently, by the same argument and
(7.42), we can show that
(7.46) 0 ≤ 1− ∂zwˆ (z, τ0) ≤ C (n, Λ) zα−1
for 12β ≤ z ≤ (2στ0)
1
2 (1−ϑ).
Below we use (3.22), (4.3), (7.38) and the maximum principle to show the first
derivative estimate in (4.16).
Lemma 7.9. If β ≫ 1 (depending on n, Λ), there holds
(7.47) 0 ≤ ∂zwˆ (z, τ) ≤ 1 + βα−2
for 0 ≤ z ≤ β2, τ0 ≤ τ ≤ τ˚ .
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Proof. By differentiating (3.22), we get
(7.48) ∂τ (∂zwˆ) =
1
1 + (∂zwˆ)
2 ∂
2
zz (∂zwˆ)
+
n− 1
z
− 2 ∂zwˆ ∂
2
zzwˆ(
1 + (∂zwˆ)
2
)2 − 12 + σ2στ z
 ∂z (∂zwˆ) + (n− 1)( 1
wˆ2
− 1
z2
)
(∂zwˆ)
Notice that for the last term on the RHS of (7.48), by (2.4) and (6.8), there holds
(7.49) wˆ (z, τ) > z ⇔ 1
wˆ2 (z, τ)
− 1
z2
< 0
for 0 ≤ z ≤ β2, τ0 ≤ τ ≤ τ˚ .
Let
(∂zwˆ)min (τ) = min
0≤z≤β2
∂zwˆ (z, τ)
Then (∂zwˆ)min (τ0) ≥ 0 by (4.3). We claim that
(7.50) (∂zwˆ)min (τ) ≥ 0
for τ0 ≤ τ ≤ τ˚ . To prove that, we use a contradiction argument. Suppose that
there is τ∗1 > τ0 so that
(∂zwˆ)min (τ
∗
1 ) < 0
Let τ∗0 > τ0 be the first time after which (∂zwˆ)min stays negative all the way up to
τ∗1 . By continuity, we have
(∂zwˆ)min (τ
∗
0 ) ≥ 0
Note that by (3.22) and (7.38), the negative minimum of ∂zwˆ (z, τ) for each time-
slice must be attained in
(
0, β2
)
, provided that β ≫ 1 (depending on n, Λ). Ap-
plying the maximum principle to (7.48) (and noting (7.49)) yields
∂τ (∂zwˆ)min ≥ (n− 1)
(
1
wˆ2
− 1
z2
)
(∂zwˆ)min ≥ 0
for τ∗0 ≤ τ < τ∗1 . It follows that
(∂zwˆ)min (τ
∗
0 ) ≤ (∂zwˆ)min (τ∗1 ) < 0
which is a contradiction.
Next, let
(∂zwˆ)max (τ) = max
0≤z≤β2
∂zwˆ (z, τ)
Then
(∂zwˆ)max (τ0) ≤ 1
by (4.3) and (7.46). We claim that
(∂zwˆ)max (τ) ≤ 1 + βα−2
for τ0 ≤ τ ≤ τ˚ . Suppose the contrary, then there is τ∗1 > τ0 so that
(∂zwˆ)max (τ
∗
1 ) > 1 + β
α−2
Let τ∗0 > τ0 be the first time after which (∂zwˆ)max is greater than 1 + β
α−2 all the
way up to τ∗1 . By continuity, we have
(∂zwˆ)max (τ
∗
0 ) ≤ 1 + βα−2
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Notice that by (7.38), there holds
∂zwˆ
(
β2, τ
) ≤ 1 + C (n, Λ)β2(α−1) < 1 + βα−2
provided that β ≫ 1(depending on n, Λ). Thus, the maximum of ∂zwˆ (z, τ) for
each time-slice which is greater than 1+βα−2 must be attained in
(
0, β2
)
, provided
that β ≫ 1 (depending on n, Λ). Applying the maximum principle to (7.48) (and
using (7.49) and (7.50)) yields
∂τ (∂zwˆ)max ≤ 0
for τ∗0 ≤ τ < τ∗1 . It follows that
(∂zwˆ)max (τ
∗
0 ) ≥ (∂zwˆ)max (τ∗1 ) > 1 + βα−2
which is a contradiction. 
Then we start to show the second derivative estimate in (4.16). Note that the
second fundamental form of Γτ (in the parametrization of (3.20)) is given by
(7.51) AΓτ =
1√
1 + |∂zwˆ|2
 ∂
2
zzwˆ
1+|∂zwˆ|2
∂zwˆ
z
In−1
−1
wˆ
In−1

By (6.8) and (7.47), to estimate ∂2zzwˆ (z, τ) is equivalent to estimate AΓτ . In the
following lemma, we derive an evolution equation of AΓτ and use that, together
with (4.3), (7.39) and the maximum principle, to show that AΓτ can be estimated
for a short period of time.
Lemma 7.10. If β ≫ 1 (depending on n, Λ), then there is δ > 0 (depending on
n) so that the second fundamental form of Γτ satisfies
max
Γτ∩B(O; 3β)
|AΓτ | ≤ C (n)
for τ0 ≤ τ ≤ min {τ0 + δ, τ˚}. In particular, there holds∣∣∂2zzwˆ (z, τ)∣∣ ≤ C (n)
for 0 ≤ z ≤ 3β, τ0 ≤ τ ≤ min {τ0 + δ, τ˚}.
Proof. By (4.3), (6.8), (7.38), (7.39) and (7.51), the second fundamental form of Γτ
satisfies
(7.52) C ≡ |AΓτ |2max (τ0) + max
Zτ∈Γτ , |Zτ |=3β
|AΓτ (Zτ )|2 ≤ C (n)
provided that β ≫ 1 (depending on n, Λ). By reparametrization of the flow, we
may derive an evolution equation for AΓτ as follows:
(7.53) (∂τ −△Γτ ) |AΓτ |2 = −2 |∇ΓτAΓτ |2 + 2 |AΓτ |4 −
1 + 2σ
2στ
|AΓτ |2
Let
h (τ) = max
Γτ∩B(O; 3β)
|AΓτ |2
If h (τ) ≤ C for τ0 ≤ τ ≤ τ˚ , then we are done. Otherwise, there is τ∗1 > τ0 so that
h (τ∗1 ) > C
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Let τ∗0 > τ0 be the first time after which h is greater than C all the way up to τ
∗
1 .
By continuity, we have
(7.54) h (τ∗0 ) ≤ C
Note that the maximum for each time-slice must be attained in the interior of
Γτ ∩B (O; 3β). By applying the maximum principle to (7.53), we get
∂τh (τ) ≤ 2 h2 (τ)
for τ∗0 ≤ τ ≤ τ∗1 , which implies
(7.55) h (τ∗1 ) ≤
h (τ∗0 )
1− 2 (τ∗1 − τ∗0 )h (τ∗0 )
Thus, by (7.52), (7.54) and (7.55), there is δ = δ (n) so that
h (τ) ≤ 2C
for τ∗0 ≤ τ ≤ min {τ∗0 + δ, τ∗1 }. For this choice of δ > 0, we claim that
h (τ) ≤ 2C
for τ0 ≤ τ ≤ min {τ0 + δ, τ˚}; otherwise, we may get a contradiction by the above
argument. Then the conclusion follows immediately by (6.8), (7.47) and (7.51). 
In the following lemma, we use Ecker-Huisken interior estimate for MCF to
estimate AΓτ for τ0 + δ ≤ τ ≤ τ˚ . Combining with Lemma 7.10, we then get the
second derivative estimate in (4.16).
Lemma 7.11. If β ≫ 1 (depending on n, Λ), there holds∣∣∂2zzwˆ (z, τ)∣∣ ≤ C (n)
for 0 ≤ z ≤ 3β, τ0 ≤ τ ≤ τ˚ .
Proof. By Lemma 7.10, there is δ = δ (n) so that∣∣∂2zzwˆ (z, τ)∣∣ ≤ C (n)
for 0 ≤ z ≤ 3β, τ0 ≤ τ ≤ min {τ0 + δ, τ˚}. Hence, to prove the lemma, we have to
consider the case when τ˚ − τ0 > δ.
Fix τ0 + δ ≤ τ∗ ≤ τ˚ and let
Ξι = (2στ∗)
1
2+
1
4σ Σ−(2στ∗)
−1
2σ (1− ι2στ∗ )
=
{(
rν, hˆ (r, ι)ω
)∣∣∣∣ r ≥ 0, ν ∈ Sn−1, ω ∈ Sn−1}
where
hˆ (r, ι) = (2στ∗)
1
2+
1
4σ uˆ
(
r
(2στ∗)
1
2+
1
4σ
, − (2στ∗)
−1
2σ
(
1− ι
2στ∗
))
Then {Ξι} defines a MCF for − (2στ∗)
((
τ∗
τ0
) 1
2σ − 1
)
≤ ι ≤ 0. Note that
Ξ0 = (2στ∗)
1
2+
1
4σ Σ−(2στ∗)
−1
2σ
= Γτ∗
and
(2στ∗)
((
τ∗
τ0
) 1
2σ
− 1
)
≥ δ
2
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provided that τ0 ≫ 1(depending on n). By (3.21), we may rewrite hˆ (r, ι) as
hˆ (r, ι) =
(
1− ι
2στ∗
) 1
2+σ
wˆ
 r(
1− ι2στ∗
) 1
2+σ
,
τ∗(
1− ι2στ∗
)2σ

By (6.8) and (7.47), we have
(7.56) hˆ (r, ι) ≥ ψˆ (0)
2
(7.57)
∣∣∣∂rhˆ (r, ι)∣∣∣ =
∣∣∣∣∣∣∣∂zwˆ
 r(
1− ι2στ∗
) 1
2+σ
,
τ∗(
1− ι2στ∗
)2σ

∣∣∣∣∣∣∣ ≤
4
3
for 0 ≤ r ≤ 4β, − δ2 ≤ ι ≤ 0, provided that τ0 ≫ 1 (depending on n). Note that the
unit normal vector of Ξι at Xι (r, ν, ω) =
(
rν, hˆ (r, ι)ω
)
is given by
NΞι (r, ν, ω) =
(
−∂rhˆ (r, ι) ν, ω
)
√
1 +
(
∂rhˆ (r, ι)
)2
which satisfies
(7.58) (NΞι (r, ν, ω) · e)−1 =
√
1 +
(
∂rhˆ (r, ι)
)2
(
~0, ω
)
· e
where
e =
(2n-1) copies︷ ︸︸ ︷0, · · · , 0 , 1
 , ~0 =
 n copies︷ ︸︸ ︷0, · · · , 0

Now fix 0 ≤ z∗ ≤ 3β and let
X∗ =
(
z∗ν∗, hˆ (z∗, 0) ω∗
)
= (z∗ν∗, wˆ (z∗, τ∗) ω∗)
where ν∗ = ω∗ =
(n-1) copies︷ ︸︸ ︷0, · · · , 0 , 1
, we claim that
(7.59) (NΞι (r, ν, ω) · e)−1 ≤
5
√
2
3
for Xι ∈ Ξι∩B2n
(
X∗, ψˆ(0)2√2
)
, − δ2 ≤ ι ≤ 0. Then by the curvature estimate in [EH],
the second fundamental form of Γτ∗ at X∗ satisfies∣∣AΓτ∗ (X∗)∣∣ = |AΞ0 (X∗)| ≤ C (n)
(
2
√
2
ψˆ (0)
+
√
2
δ
)
= C (n)
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It follows that ∣∣∂2zzwˆ (z∗, τ∗)∣∣(
1 + (∂zwˆ (z∗, τ∗))
2
) 3
2
≤ |AΓτ (X∗)| ≤ C (n)
Now let’s come back to (7.59). First notice that for each
Xι (r, ν, ω) ∈ Ξι ∩B2n
(
X∗, ψˆ (0)
2
√
2
)
, − δ
2
≤ ι ≤ 0
there holds
hˆ (r, ι)
√
1−
((
~0, ω
)
· e
)2
≤ |Xι (r, ν, ω)−X∗| ≤ ψˆ (0)
2
√
2
which, together with (7.56), implies
(7.60)
(
~0, ω
)
· e ≥ 1√
2
Then (7.59) follows by (7.57), (7.58) and (7.60). 
Below we use (2.4), (3.22), (4.16), (6.8) and the standard regularity theory for
parabolic equations to prove (4.23).
Proposition 7.12. If β ≫ 1 (depending on n) and τ0 ≫ 1 (depending on n, β),
there holds (4.23).
Proof. Firstly, let wˆ (z, τ) and ψˆk (z) be radially symmetric functions so that
wˆ (z, τ) = wˆ (z, τ)
∣∣∣
z=|z|
, ψˆk (z) = ψˆk (z)
∣∣∣
z=|z|
where z = (z1, · · · , zn). Note that
∂ziwˆ = ∂zwˆ
zi
|z|
∂2
zizj
wˆ = ∂2zzwˆ
zi zj
|z|2
+ ∂zwˆ
|z|2 δij − zi zj
|z|3
Then by (6.28), (7.47) and (4.16), there hold
(7.61)

∣∣∣wˆ (z, τ)− ψˆk (z)∣∣∣ ≤ C (n)βα−3 ( ττ0)−̺
|∇wˆ (z, τ)| ≤ 1 + βα−2∣∣∇2wˆ (z, τ)∣∣ ≤ C (n)
for z ∈ B (O; 3β), τ0 ≤ τ ≤ τ˚ , m ∈ Z+, where
∇ = (∂z1 , · · · , ∂zn)
Also, by (2.4) and Lemma 2.4, we get
(7.62)
∥∥∥∇mψˆk∥∥∥
L∞
≤ C (n, m)
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for all m ≥ 1. In addition, from (2.4) and (3.22), we have
∂τ wˆ =
√
1 + (∂zwˆ)
2
zn−1
∂z
 zn−1√
1 + (∂zw)
2
∂zwˆ
 − n− 1
wˆ
+
1
2 + σ
2στ
(−z ∂zwˆ + wˆ)
and
∂τ ψˆk = 0 =
√
1 +
(
∂zψˆk
)2
zn−1
∂z
 zn−1√
1 +
(
∂zψˆk
)2 ∂zψˆk
 − n− 1ψˆk
which yield
∂τ wˆ =
√
1 + |∇wˆ|2 ∇ · ∇wˆ√
1 + |∇wˆ|2
− n− 1
wˆ
+
1
2 + σ
2στ
(−z · ∇wˆ + wˆ)
(7.63)
=
n∑
i, j=1
(
δij −
∂ziwˆ ∂zj wˆ
1 + |∇wˆ|2
)
∂2
zizj
wˆ−
n∑
i=1
( 1
2 + σ
2στ
zi
)
∂ziwˆ+
( 1
2 + σ
2στ
)
wˆ− n− 1
wˆ
and
∂τ ψˆk = 0 =
√
1 +
∣∣∣∇ψˆk∣∣∣2 ∇ · ∇ψˆk√
1 +
∣∣∣∇ψˆk∣∣∣2 −
(n− 1)
ψˆk
(7.64) =
n∑
i, j=1
δij − ∂ziψˆk ∂zj ψˆk
1 +
∣∣∣∇ψˆk∣∣∣2
 ∂2zizj ψˆk − n− 1
ψˆk
Then we subtract (7.64) from (7.63) to get
∂τ
(
wˆ − ψˆk
)
−
n∑
i, j=1
(
δij −
∂ziwˆ ∂zj wˆ
1 + |∇wˆ|2
)
∂2
zizj
(
wˆ − ψˆk
)
−
n∑
q=1

∑n
i, j=1 ∂ziψˆk ∂zj ψˆk ∂
2
zizj
ψˆk
(
∂zqwˆ + ∂zq ψˆk
)
(
1 + |∇wˆ|2
)(
1 +
∣∣∣∇ψˆk∣∣∣2)
 ∂zq (wˆ − ψˆk)
+
n∑
q=1
∑ni=1 ∂2zizq ψˆk
(
∂ziwˆ + ∂ziψˆk
)
1 + |∇wˆ|2 +
1
2 + σ
2στ
zq
 ∂zq (wˆ − ψˆk)
−
(
n− 1
wˆ ψˆk
+
1
2 + σ
2στ
)(
wˆ − ψˆk
)
(7.65) =
1
2 + σ
2στ
(
−z · ∇ψˆk (z) + ψˆk (z)
)
≡ f (z, τ)
Note that by (2.6), we have
(7.66)
∣∣∇m∂lτf (z, τ)∣∣ ≤ C (n, m, l) τ−1
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for z ∈ Rn, τ0 ≤ τ ≤ τ˚ , m ≥ 0.
Now fix 0 < δ ≪ 1 and z∗ ∈ B (O; 2β), τ0 + δ2 ≤ τ∗ ≤ τ˚ . By (7.61), (7.62) and
Krylov-Safonov Ho¨lder estimate (applying to (7.65)), there is
γ = γ (n) ∈ (0, 1)
so that
(7.67) δγ
[
wˆ − ψˆk
]
γ;Q(z∗, τ∗; 12 δ)
≤ C (n)
(∥∥∥wˆ − ψˆk∥∥∥
L∞(Q(z∗, τ∗; δ))
+ δ2 ‖f‖L∞(Q(z∗, τ∗; δ))
)
≤ C (n)
provided that β ≫ 1 (depending on n) and τ0 ≫ 1 (depending on n, β). Next, for
each p ∈ {1, · · · , n}, differentiate (7.63) with respect to zp to get
∂τ
(
∂zpwˆ
)
= △ (∂zpwˆ)− ∇2 (∂zpwˆ) (∇wˆ, ∇wˆ)
1 + |∇wˆ|2
+
1
2
〈
〈
∇ ln
(
1 + |∇wˆ|2
)
, ∇wˆ
〉
1 + |∇wˆ|2 ∇wˆ − ∇ ln
(
1 + |∇wˆ|2
) , ∇ (∂zpwˆ)〉
−
〈 1
2 + σ
2στ
z, ∇ (∂zpwˆ)〉+ n− 1
wˆ
2
(
∂zpwˆ
)
=
n∑
i, j=1
(
δij −
∂ziwˆ ∂zj wˆ
1 + |∇wˆ|2
)
∂2
zizj
(
∂zpwˆ
)
+
n∑
q=1

∑n
i, j=1 ∂ziwˆ ∂zj wˆ ∂zqwˆ ∂
2
zizj
wˆ − ∑ni=1 (1 + |∇wˆ|2) ∂ziwˆ ∂2zizqwˆ(
1 + |∇wˆ|2
)2
 ∂zq (∂zpwˆ)
−
n∑
q=1
1
2 + σ
2στ
zq ∂zq
(
∂zpwˆ
)
+
n− 1
wˆ
2
(
∂zpwˆ
)
Then by (7.61) and Krylov-Safonov Ho¨lder estimates, we may assume that for the
same exponent γ, there holds
(7.68) δ1+γ [∇wˆ]
γ;Q(z∗, τ∗; 12 δ)
≤ C (n) δ ‖∇wˆ‖L∞(Q(z∗, τ∗; δ)) ≤ C (n)
Therefore, by (7.61), (7.62), (7.67) and (7.68), we can apply Schauder C2, γ esti-
mates to (7.65) to get
δ
∥∥∥∇(wˆ − ψˆk)∥∥∥
L∞(Q(z∗, τ∗; 13 δ))
+ δ2
∥∥∥∇2 (wˆ − ψˆk)∥∥∥
L∞(Q(z∗, τ∗; 13 δ))
+ δ2+γ
[
∇2
(
wˆ − ψˆk
)]
γ;Q(z∗, τ∗; 13 δ)
≤ C (n)
(∥∥∥wˆ − ψˆk∥∥∥
L∞(Q(z∗, τ∗; 12 δ))
+ δ2 ‖f‖
L∞(Q(z∗, τ∗; 12 δ))
+ δ2+γ
[
f
]
γ;Q(z∗, τ∗; 12 δ)
)
(7.69) ≤ C (n)
(
βα−3
(
τ∗
τ0
)−̺
+ τ−1∗
)
≤ C (n)β2(α−1)
(
τ∗
τ0
)−̺
ANALYSIS OF VELA´ZQUEZ’S SOLUTION TO THE MCF 72
provided that τ0 ≫ 1 (depending on n, β).
The conclusion follows by using the bootstrap argument on (7.65) and repeatedly
differentiating equations with respect to τ . 
8. Determining the constant Λ
In this section, we would finish the proof of Proposition 4.4 and Proposition 4.5.
What’s left is to show (4.13) and choose Λ = Λ (n) ≫ 1 so that (4.15) holds. To
this end, it suffices to show that
(1) In the outer region, the function u (x, t) defined in (3.6) satisfies
(8.1) xi
∣∣∂ixu (x, t)∣∣ ≤ C (n)x2λ2+1 ∀ i ∈ {0, 1, 2}
(8.2) ∂2xxu (x, t) ≥ 0
for
√−t ≤ x ≤ ρ, t0 ≤ t ≤ t˚;
(2) In the intermediate region, if we perform the type I rescaling, the type
I rescaled function v (y, s) defined in (3.11) satisfies
(8.3) yi
∣∣∂iyv (y, s)∣∣ ≤ C (n) e−λ2syα ∀ i ∈ {0, 1, 2}
(8.4) ∂2yyv (y, s) ≥ 0
for 2βe−σs ≤ y ≤ 1, s0 < s ≤ s˚;
(3) Near the tip region, if we perform the type II rescaling, the type II rescaled
function w (z, τ) defined in (3.24) satisfies
(8.5) zi
∣∣∂izw (z, τ)∣∣ ≤ C (n) zα ∀ i ∈ {0, 1, 2}
for β ≤ z ≤ 2β, τ0 ≤ τ ≤ τ˚ . In addition, the type II rescaled function
wˆ (z, τ) defined in (3.20) satisfies
(8.6) ∂2zzwˆ (z, τ) ≥ 0
for 0 ≤ z ≤ 5β, τ0 ≤ τ ≤ τ˚ .
Note that (8.3) is equivalent to
xi
∣∣∂ixu (x, t)∣∣ ≤ C (n) (−t)2 xα ∀ i ∈ {0, 1, 2}
for 2β (−t) 12+σ ≤ x ≤ √−t, t0 ≤ t ≤ t˚ (see (3.12) and (3.19)). Also, (8.5) is
equivalent to
xi
∣∣∂ixu (x, t)∣∣ ≤ C (n) (−t)2 xα ∀ i ∈ {0, 1, 2}
for β (−t) 12+σ ≤ x ≤ 2β (−t) 12+σ, t0 ≤ t ≤ t˚ (see (3.5) and (3.25)). Moreover, by
(8.2), (8.4), (8.6) and rescaling, we can show (4.13), i.e. the projected curve Σ¯t is
convex in B (O; ρ) for t0 ≤ t ≤ t˚.
Recall that in Remark 6.1, we already show the C0 estimates in (8.1) and (8.3).
As for the derivatives, notice that the smooth estimates in Proposition 4.4 does not
imply (8.1), (8.3) and (8.5), since those estimates doest not extend to the initial
time. Therefore, in this section we compensate that by showing how to estimate the
quantities in (8.1), (8.3) and (8.5) from the initial time to some extent. The idea is
to derive evolution equations for these quantities and use the following lemma (see
Lemma 8.1), together with (4.1), (4.5) and (4.7), to show that they can be bounded
in terms of n for a short period of time. Below is the lemma which we would use
to prove the derivatives estimates in (8.1) and (8.3).
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Lemma 8.1. Suppose that h (r, ι) is a function which satisfies
∂ιh − a (r, ι) ∂2rrh − b (r, ι) ∂rh = f (r, ι)
for 12 ≤ r ≤ 32 , 0 ≤ ι ≤ T , with
a (r, ι) > 0
max
{
|a (r, ι)| , |b (r, ι)|
}
≤ M
for 12 ≤ r ≤ 32 , 0 ≤ ι ≤ T , where T , M > 0 are constants. Then there hold
h (r, ι) ≤ max
1
2≤r≤ 32
h (r, 0) + C (M) ι
(
‖h‖
L∞([ 12 ,
3
2 ]×[0, T ]) + ‖f‖L∞([ 12 , 32 ]×[0, T ])
)
h (r, ι) ≥ min
1
2≤r≤ 32
h (r, 0) − C (M) ι
(
‖h‖
L∞([ 12 ,
3
2 ]×[0, T ]) + ‖f‖L∞([ 12 , 32 ]×[0, T ])
)
for 34 ≤ r ≤ 54 , 0 ≤ ι ≤ T .
Proof. Let η (r) be a smooth function so that
χ[ 34 ,
5
4 ]
≤ η ≤ χ[ 12 , 32 ]
and η (r) vanishes at 12 and
3
2 to infinite order. Note that by Lemma 7.2, we may
assume that
(∂rη (r))
2
η (r)
+ |∂rη (r)| +
∣∣∂2rrη (r)∣∣ . 1
It follows that
(8.7) ∂ι (ηh)− a (r, ι) ∂2rr (ηh)− b (r, ι) ∂r (ηh)
= η f (r, ι) − (a (r, ι) ∂2rrη + b (r, ι) ∂rη)h− 2 a (r, ι) ∂rη ∂rh
For the last term on RHS of (8.7), if we evaluate it at any maximum point of
η (r) h (r, ι) for each time-slice, either η = 0 and hence
(8.8) ∂rη = 0 ⇒ −2 a (r, ι) ∂rη ∂rh = 0
or 0 < η ≤ 1, in which case we have
∂r (ηh) = 0 ⇔ η ∂rh+ h ∂rη = 0
which yields
(8.9) − 2 a (r, ι) ∂rη ∂rh = 2 a (r, ι) (∂rη)
2
η
h
Now let
(ηh)max (ι) = maxr
(η (r) h (r, ι))
By (8.8) and (8.9), if we apply the maximum principle to (8.7), we get
∂ι (ηh)max ≤ C (M)
(
‖h‖
L∞([ 12 ,
3
2 ]×[0, T ]) + ‖f‖L∞([ 12 , 32 ]×[0, T ])
)
which implies
(ηh)max (ι) ≤ (ηh)max (0) + C (M) ι
(
‖h‖
L∞([ 12 ,
3
2 ]×[0, T ]) + ‖f‖L∞([ 12 , 32 ]×[0, T ])
)
Similarly, if we define
(ηh)min (ι) = minr
(η (r) h (r, ι))
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then we have
(ηh)min (ι) ≥ (ηh)min (0) − C (M) ι
(
‖h‖
L∞([ 12 ,
3
2 ]×[0, T ]) + ‖f‖L∞([ 12 , 32 ]×[0, T ])
)

To prove the derivatives estimates in (8.1), we divide the region into two parts:
3
4ρ ≤ x ≤ ρ and
√−t ≤ x ≤ 34ρ. In the following proposition, we show (8.1) for
3
4ρ ≤ x ≤ ρ by using (3.7), (4.5), (4.14) and Lemma 8.1.
Proposition 8.2. If |t0| ≪ 1 (depending on n, Λ, ρ, β), then there hold
(8.10)
1
2
Υ2 (2λ2 + 1)x
2λ2 ≤ ∂xu (x, t) ≤ 3
2
Υ2 (2λ2 + 1)x
2λ2
(8.11) ∂2xxu (x, t) ≤
3
2
Υ2 (2λ2 + 1) (2λ2)x
2λ2−1
(8.12) ∂2xxu (x, t) ≥
1
2
Υ2 (2λ2 + 1) (2λ2)x
2λ2−1 > 0
for 34ρ ≤ x ≤ 54ρ, t0 ≤ t ≤ t˚.
Proof. Let
h (r, ι) = x−2λ2∂xu (x, t)
∣∣
x=rρ, t=t0+ιρ2
From (3.7), we derive
∂ιh− a (r, ι) ∂2rrh− b (r, ι) ∂rh = f (r, ι)
where
a (r, ι) =
1
1 + (∂xu (x, t))
2
∣∣∣∣∣
x=rρ, t=t0+ιρ2
b (r, ι) =
1
r
−2x (∂xu (x, t)) (∂2xxu (x, t))(
1 + (∂xu (x, t))
2
)2 + 2 (n− 1)
1−
(
u(x, t)
x
)2

∣∣∣∣∣∣∣
x=rρ, t=t0+ιρ2
f (r, ι) =
ρ−2λ2+1
r2λ2+1
((
2λ2
1 + (∂xu (x, t))
2
)(
∂2xxu (x, t)
))∣∣∣∣∣
x=rρ, t=t0+ιρ2
+
ρ−2λ2
r2λ2+2
2λ2
−2x (∂xu (x, t)) (∂2xxu (x, t))(
1 + (∂xu (x, t))
2
)2 + 2 (n− 1)
1−
(
u(x, t)
x
)2

 (∂xu (x, t))
∣∣∣∣∣∣∣
x=rρ, t=t0+ιρ2
+
ρ−2λ2
r2λ2+2
(
− 2λ2 (2λ2 + 1)
1 + (∂xu (x, t))
2
)
(∂xu (x, t))
∣∣∣∣∣
x=rρ, t=t0+ιρ2
+
ρ−2λ2−1
r2λ2+3

4 (n− 1)
(
(∂xu (x, t))
2 − 1
)
(
1−
(
u(x, t)
x
)2)2
 (u (x, t))

∣∣∣∣∣∣∣∣∣
x=rρ, t=t0+ιρ2
ANALYSIS OF VELA´ZQUEZ’S SOLUTION TO THE MCF 75
It follows, by (4.14) and Lemma 8.1, that
min
1
2≤r≤ 32
h (r, 0) − C (n, ρ) ι ≤ h (r, ι) ≤ max
1
2≤r≤ 32
h (r, 0) + C (n, ρ) ι
for 34 ≤ r ≤ 54 . Undoing the change of variables, we get
x−2λ2∗ ∂xu (x∗, t) ≤ max1
2ρ≤x≤ 32ρ
(
x−2λ2∂xu (x, t0)
)
+ C (n, ρ)
t− t0
ρ2
x−2λ2∗ ∂xu (x∗, t) ≥ min1
2ρ≤x≤ 32ρ
(
x−2λ2∂xu (x, t0)
) − C (n, ρ) t− t0
ρ2
for 34ρ ≤ x∗ ≤ 54ρ, t0 ≤ t ≤ t˚. Therefore, if |t0| ≪ 1 (depending on n, Λ, ρ, β), then
(8.10) follows immediately from the above, (4.5) and (6.2).
For the second derivative, note that we have the following evolution equation:
∂t
(
x−2λ2+1∂2xxu
)− 1
1 + (∂xu)
2 ∂
2
xx
(
x−2λ2+1∂2xxu
)
− 1
x
−6x (∂xu) (∂2xxu)(
1 + (∂xu)
2
)2 + 2 (n− 1)
1− (u
x
)2 + 2 (2λ2 − 1)
1 + (∂xu)
2
 ∂x (x−2λ2+1∂2xxu)
=
1
x2λ2+1
−2x2
(
∂2xxu
)2 (
1− 3 (∂xu)2
)
(
1 + (∂xu)
2
)3 + 12 (n− 1)
(
u
x
)
∂xu(
1− (u
x
)2)2 − 2 (n− 1)
(
1 +
(
u
x
)2)(
1− (u
x
)2)2
(∂2xxu)
+
2λ2 − 1
x2λ2+1

−6x (∂xu) (∂2xxu)(
1 + (∂xu)
2
)2 + 2 (n− 1)
1− (u
x
)2
+ 2λ2 − 2
1 + (∂xu)
2
(∂2xxu)
+
1
x2λ2+2
4 (n− 1)
(
(∂xu)
2 − 1
)(
1 + 3
(
u
x
)2)(
1− (u
x
)2)3
 (∂xu)
+
1
x2λ2+3
4 (n− 1)
(
1− (∂xu)2
)((
u
x
)2
+ 3
)
(
1− (u
x
)2)3
 (u)
By the same argument (as for the first derivative), we can show (8.11) and (8.12).

Now we show the derivatives estimates in (8.1) for
√−t ≤ x ≤ 34ρ by using (3.7),
(3.8), (4.5), (4.18) and Lemma 8.1.
Proposition 8.3. If 0 < ρ ≪ 1 (depending on n, Λ) and |t0| ≪ 1 (depending on
n, Λ, ρ, β), then there hold
(8.13)
2 (α+ 2Υ1 (α+ 2) + Υ2 (2λ2 + 1)) x
2λ2 ≤ ∂xu (x, t) ≤ 2Υ2 (2λ2 + 1) x2λ2
(8.14)
∂2xxu (x, t) ≤ 2 (α (α− 1) + 2Υ1 (α+ 2) (α+ 1) + Υ2 (2λ2 + 1) (2λ2)) x2λ2−1
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(8.15) ∂2xxu (x, t) ≥
1
2
Υ2 (2λ2 + 1) (2λ2)x
2λ2−1 > 0
for
√−t ≤ x ≤ 34ρ, t0 ≤ t ≤ t˚.
Proof. First, fix x∗ ∈
[
2
3
√−t0, 34ρ
]
and let
h (r, ι) = x−2λ2∂xu (x, t)
∣∣
x=rx∗, t=t0+ιx2∗
From (3.7), we derive
∂ιh− a (r, ι) ∂2rrh− b (r, ι) ∂rh = f (r, ι)
where
a (r, ι) =
1
1 + (∂xu (x, t))
2
∣∣∣∣∣
x=rx∗, t=t0+ιx2∗
b (r, ι) =
1
r
−2 ∂xu (x, t) (x∂2xxu (x, t))(
1 + (∂xu (x, t))
2
)2 + 2 (n− 1)
1−
(
u(x, t)
x
)2

∣∣∣∣∣∣∣
x=rx∗, t=t0+ιx2∗
f (r, ι) =
1
r2
((
2λ2
1 + (∂xu (x, t))
2
)(
x−2λ2+1∂2xxu (x, t)
))∣∣∣∣∣
x=rx∗, t=t0+ιx2∗
+
1
r2
2λ2
−2 ∂xu (x, t) (x∂2xxu (x, t))(
1 + (∂xu (x, t))
2
)2 + 2 (n− 1)
1−
(
u(x, t)
x
)2

(x−2λ2∂xu (x, t))
∣∣∣∣∣∣∣
x=rx∗, t=t0+ιx2∗
+
1
r2
(
− 2λ2 (2λ2 + 1)
1 + (∂xu (x, t))
2
)(
x−2λ2∂xu (x, t)
)∣∣∣∣∣
x=rx∗, t=t0+ιx2∗
+
1
r2

4 (n− 1)
(
(∂xu (x, t))
2 − 1
)
(
1−
(
u(x, t)
x
)2)2
(x−2λ2−1u (x, t))

∣∣∣∣∣∣∣∣∣
x=rx∗, t=t0+ιx2∗
Notice that by (3.8) we have
max
{∣∣∣∣u (x, t)x
∣∣∣∣ , |∂xu (x, t)| , ∣∣x∂2xxu (x, t)∣∣} ≤ C (n, Λ)x2λ2 ≤ 13
x−2λ2−1+i
∣∣∂ixu (x, t)∣∣ ≤ C (n, Λ) , i ∈ {0, 1, 2}
for 12
√−t ≤ x ≤ ρ, t0 ≤ t ≤ t˚, provided that 0 < ρ ≪ 1 (depending on n, Λ) . It
follows, by Lemma 8.1, that
min
1
2≤r≤ 32
h (r, 0) − C (n, Λ) ι ≤ h (r, ι) ≤ max
1
2≤r≤ 32
h (r, 0) + C (n, Λ) ι
which implies
x−2λ2∗ ∂xu (x∗, t) ≤ max1
2
√−t0≤x≤ρ
(
x−2λ2∂xu (x, t0)
)
+ C (n, Λ)
t− t0
ρ2
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x−2λ2∗ ∂xu (x∗, t) ≥ min1
2
√−t0≤x≤ρ
(
x−2λ2∂xu (x, t0)
) − C (n, Λ) t− t0
ρ2
for t0 ≤ t ≤ t0+δ2x2∗. Thus, by (4.5) and (6.2), we can choose 0 < δ ≪ 1 (depending
on n, Λ) so that
(8.16) 2 (α+ 2Υ1 (α+ 2) + Υ2 (2λ2 + 1)) x
2λ2 ≤ ∂xu (x, t) ≤ 2Υ2 (2λ2 + 1)x2λ2
for (x, t) satisfying
√−t ≤ x ≤ 34ρ, t0 ≤ t ≤ t0 + δ2x2, provided that |t0| ≪ 1
(depending on n, Λ, ρ, β).
On the other hand, by this choice of δ = δ (n, Λ), (4.18) implies∣∣∣∣∂x (u (x, t)− kc2 (−t)λ2+ 12 ϕ2
(
x√−t
))∣∣∣∣ ≤ C (n, Λ)ρ4λ2x2λ2
for (x, t) satisfying
√−t ≤ x ≤ 34ρ, t0 + δ2x2 ≤ t ≤ t˚, where
∂x
(
k
c2
(−t)λ2+ 12 ϕ2
(
x√−t
))
= kx2λ2
(
Υ2 (2λ2 + 1) + 2Υ1 (α+ 2)
(−t
x2
)
+ α
(−t
x2
)2)
It follows, by (6.3), that
(8.17) 2 (α+ 2Υ1 (α+ 2) + Υ2 (2λ2 + 1)) x
2λ2 ≤ ∂xu (x, t) ≤ 2Υ2 (2λ2 + 1)x2λ2
for (x, t) satisfying
√−t ≤ x ≤ 34ρ, t0 ≤ t ≤ t0 + δ2x2, provided that |t0| ≪ 1
(depending on n, Λ, ρ, β). Then (8.13) follows immediately from (8.16) and (8.17).
As for the second derivatives, we have the evolution equation:
∂t
(
x−2λ2+1∂2xxu
)− 1
1 + (∂xu)
2 ∂
2
xx
(
x−2λ2+1∂2xxu
)
− 1
x
−6 ∂xu (x∂2xxu)(
1 + (∂xu)
2
)2 + 2 (n− 1)
1− (u
x
)2 + 2 (2λ2 − 1)
1 + (∂xu)
2
 ∂x (x−2λ2+1∂2xxu)
=
1
x2
−2
(
x∂2xxu
)2 (
1− 3 (∂xu)2
)
(
1 + (∂xu)
2
)3 + 12 (n− 1)
(
u
x
)
∂xu(
1− (u
x
)2)2 − 2 (n− 1)
(
1 +
(
u
x
)2)(
1− (u
x
)2)2
(x−2λ2+1∂2xxu)
+
1
x2
(2λ2 − 1)
−6 ∂xu (x∂2xxu)(
1 + (∂xu)
2
)2 + 2 (n− 1)
1− (u
x
)2
+ (2λ2 − 1) (2λ2 − 2)
1 + (∂xu)
2
(x−2λ2+1∂2xxu)
+
1
x2
4 (n− 1)
(
(∂xu)
2 − 1
)(
1 + 3
(
u
x
)2)(
1− (u
x
)2)3
(x−2λ2∂xu)
+
1
x2
4 (n− 1)
(
1− (∂xu)2
)((
u
x
)2
+ 3
)
(
1− (u
x
)2)3
(x−2λ2−1u)
By a similar argument, we can deduce (8.14) and (8.15). 
In the following proposition, we prove (8.3) by using (3.13), (3.14), (4.1), (4.19),
(4.20) and Lemma 8.1.
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Proposition 8.4. If β ≫ 1 (depending on n, Λ) and s0 ≫ 1 (depending on n, Λ,
ρ, β), then there hold
(8.18)
2 (α+ 8Υ1 (α+ 2) + 16Υ2 (2λ2 + 1)) e
−λ2syα−1 ≤ ∂yv (y, s) ≤ 1
2
αe−λ2syα−1
(8.19)
∂2yyv (y, s) ≤ 2 (α (α− 1) + 8Υ1 (α+ 2) (α+ 1) + 16Υ2 (2λ2 + 1) (2λ2)) e−λ2syα−2
(8.20) ∂2yyv (y, s) ≥
1
2
(α (α− 1)) e−λ2syα−2 > 0
for 2βe−σs ≤ y ≤ 1, s0 < s ≤ s˚.
Proof. Firstly, for each y∗ ∈
[
5
3βe
−σs0 , 1
]
, let
h (r, ι) = eλ2sy−α+1∂yv (y, s)
∣∣
y=ry∗, s=s0+ιy2∗
From (3.13), we derive
∂ιh− a (r, ι) ∂2rrh− b (r, ι) ∂rh = f (r, ι)
where
a (r, ι) =
1
1 + (∂yv (y, s))
2
∣∣∣∣∣
y=ry∗, s=s0+ιy2∗
b (r, ι) =
1
r
−2 (∂yv (y, s)) (y ∂2yyv (y, s))(
1 + (∂yv)
2
)2 + 2 (n− 1)
1−
(
v(y, s)
y
)2 − y22

∣∣∣∣∣∣∣
y=ry∗, s=s0+ιy2∗
f (r, ι) =
1
r2
(
2 (α− 1)
1 + (∂yv (y, s))
2
)(
eλ2sy−α+2∂2yyv (y, s)
)∣∣∣∣∣
y=ry∗, s=s0+ιy2∗
+
α− 1
r2
−2 (∂yv (y, s)) (y ∂2yyv (y, s))(
1 + (∂yv (y, s))
2
)2 + 2 (n− 1)
1−
(
v(y, s)
y
)2
(eλ2sy−α+1∂yv (y, s))
∣∣∣∣∣∣∣
y=ry∗, s=s0+ιy2∗
+
1
r2
(
−α (α− 1)
1 + (∂yv (y, s))
2 −
α− 1
2
y2 + λ2y
2
)(
eλ2sy−α+1∂yv (y, s)
)∣∣∣∣∣
y=ry∗, s=s0+ιy2∗
+
1
r2
4 (n− 1)
(
(∂yv (y, s))
2 − 1
)
(
1−
(
v(y, s)
y
)2)2
(eλ2sy−αv (y, s))
∣∣∣∣∣∣∣∣∣
y=ry∗, s=s0+ιy2∗
Notice that by (3.14) we have
max
{∣∣∣∣v (y, s)y
∣∣∣∣ , |∂yv (y, s)| , ∣∣y ∂2yyv (y, s)∣∣} ≤ C (n, Λ) e−λ2syα−1 ≤ 13
eλ2sy−α+i
∣∣∂iyv (y, s)∣∣ ≤ C (n, Λ) ∀ i ∈ {0, 1, 2}
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for 32βe
−σs ≤ y ≤ 2, s0 ≤ s ≤ s˚, provided that β ≫ 1 (depending on n, Λ). Then
by Lemma 8.1 and (3.14), we get
min
1
2≤r≤ 32
h (r, 0) − C (n, Λ) ι ≤ h (r, ι) ≤ max
1
2≤r≤ 32
h (r, 0) + C (n, Λ) ι
which implies
eλ2sy−α+1∗ ∂yv (y∗, s) ≤ max
βe−σs≤y≤2
(
eλ2s0y−α+1∂yv (y, s0)
)
+ C (n, Λ)
s− s0
y2∗
eλ2sy−α+1∗ ∂yv (y∗, s) ≥ min
βe−σs≤y≤2
(
eλ2s0y−α+1∂yv (y, s0)
) − C (n, Λ) s− s0
y2∗
for s0 ≤ s ≤ s0+ δ2y2∗. It follows, by (4.1) and (6.2), that we can choose 0 < δ ≪ 1
(depending on n, Λ) so that
(8.21)
2 (α+ 8Υ1 (α+ 2) + 16Υ2 (2λ2 + 1)) e
−λ2syα−1 ≤ ∂yv (y, s) ≤ 1
2
αe−λ2syα−1
for (y, s) satisfying 2βe−σs ≤ y ≤ 1, s0 ≤ s ≤ s0 + δ2y2, provided that s0 ≫ 1
(depending on n, Λ, ρ, β).
On the other hand, by the above choice of δ = δ (n, Λ), (4.19) and (4.20) yield∣∣∣∣∂y (v (y, s)− kc2 e−λ2s ϕ2 (y)
)∣∣∣∣ ≤ C (n, Λ) e−κs (e−λ2syα+1)
for (y, s) satisfying e−ϑσs ≤ y ≤ 1, s0 + δ2y2 ≤ s ≤ s˚, and∣∣∂y (v (y, s)− e−σs ψk (eσsy))∣∣ ≤ C (n, Λ)βα−2e−2̺σ(s−s0) (e−λ2syα−1)
for (y, s) satisfying 2βe−σs ≤ y ≤ e−ϑσs, s0 + δ2y2 ≤ s ≤ s˚. Note that
∂y
(
k
c2
e−λ2s ϕ2 (y)
)
= ke−λ2syα−1
(
α+ 2Υ1 (α+ 2) y
2 + Υ2 (2λ2 + 1) y
4
)
∂y
(
e−σs ψk (eσsy)
)
= ke−λ2syα−1
(
α+O
(
(eσsy)−2(1−α)
))
It follows, by (6.3), that
(8.22)
2 (α+ 8Υ1 (α+ 2) + 16Υ2 (2λ2 + 1)) e
−λ2syα−1 ≤ ∂yv (y, s) ≤ 1
2
αe−λ2syα−1
for (y, s) satisfying 2βe−σs ≤ y ≤ 1, s0 + δ2y2 ≤ s ≤ s˚, provided that β ≫ 1
(depending on n, Λ) and s0 ≫ 1 (depending on n, Λ). Then (8.18) follows from
(8.21) and (8.22).
As for the second derivative, we derive the following evolution equation:
∂s
(
eλ2sy−α+2∂2yyv
)− 1
1 + (∂yv)
2 ∂
2
yy
(
eλ2sy−α+2∂2yyv
)
−1
y
−6 (∂yv) (y ∂2yyv)(
1 + (∂yv)
2
)2 + 2 (n− 1)
1−
(
v
y
)2 − y22 + 2 (α− 2)1 + (∂yv)2
 ∂y (eλ2sy−α+2∂2yyv)
=
1
y2
−2
(
y ∂2yyv
)2 (
1− 3 (∂yv)2
)
(
1 + (∂yv)
2
)3 − y22 + λ2y2
(eλ2sy−α+2∂2yyv)
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+
2 (n− 1)
y2
4
(
v
y
)
∂yv − 1−
(
v
y
)2
(
1−
(
v
y
)2)2
(eλ2sy−α+2∂2yyv)
+
α− 2
y2
−6 (∂yv) (y ∂2yyv)(
1 + (∂yv)
2
)2 + 2 (n− 1)
1−
(
v
y
)2 − y22 + α− 31 + (∂yv)2
(eλ2sy−α+2∂2yyv)
+
1
y2
4 (n− 1)
(
v
y
) (
y ∂2yyv
)
(
1−
(
v
y
)2)2 −
4 (n− 1)
(
1− (∂yv)2
)(
1− 3
(
v
y
)2)
(
1−
(
v
y
)2)3
(eλ2sy−α+1∂yv)
+
1
y2

4 (n− 1)
(
1− (∂yv)2
)(
3 +
(
v
y
)2)
(
1−
(
v
y
)2)3
(eλ2sy−αv)
Using the same argument as for the first derivative, (8.19) and (8.20) can be proved.

Note that by (3.25) and (8.3), we get
(8.23) zi
∣∣∂izw (z, τ)∣∣ ≤ C (n) zα ∀ i ∈ {0, 1, 2}
for 2β ≤ z ≤ √2στ , τ0 < τ ≤ τ˚ . Also, by (8.12), (8.15), (8.20) and rescaling,
the projected curve Γ¯τ (see (3.23)) is convex in the corresponding rescaled region.
More explicitly, we have
(8.24) ∂2zzwˆ (z, τ) ≥ 0
for 3β ≤ z ≤ ρ (2στ) 12+ 14σ , τ0 ≤ τ ≤ τ˚ . Below we prove (8.6) by using (2.4), (3.22),
(6.8), (7.47) and (8.24).
Lemma 8.5. If β ≫ 1 (depending on n, Λ) and τ0 ≫ 1 (depending on n, Λ, ρ,
β), there holds (8.6).
Proof. From (3.22), we deduce that
(8.25) ∂τ
(
∂2zzwˆ
)
=
1
1 + (∂zwˆ)
2 ∂
2
zz
(
∂2zzwˆ
)
+
n− 1
z
− 6 (∂zwˆ)
(
∂2zzwˆ
)(
1 + (∂zwˆ)
2
)2 − 12 + σ2στ z
∂z (∂2zzwˆ)− 2− 6 (∂zwˆ)2
1 + (∂zwˆ)
2
(
∂2zzwˆ
)3
+
(
(n− 1)
(
1
wˆ2
− 2
z2
)
−
1
2 + σ
2στ
)(
∂2zzwˆ
)
+ 2 (n− 1)
(
1
z3
− ∂zwˆ
wˆ3
)
∂zwˆ
Notice that the last term on the RHS is positive, i.e.
(8.26) 2 (n− 1)
(
1
z3
− ∂zwˆ (z, τ)
wˆ3 (z, τ)
)
∂zwˆ (z, τ) > 0
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for 0 ≤ z ≤ 5β, τ0 ≤ τ ≤ τ˚ , since by (2.4), (6.3), (6.8) and (7.47), we have(
wˆ (z, τ)
z
)3
≥
(
ψˆ1−2βα−3 (z)
z
)3
≥
(
1 + 2
α+1
2
(
1− 2βα−3) (5β)α−1)3
(8.27) > 1 + βα−2 ≥ ∂zwˆ (z, τ)
for 0 ≤ z ≤ 5β, τ0 ≤ τ ≤ τ˚ , provided that β ≫ 1 (depending on n, Λ) and τ0 ≫ 1
(depending on n, Λ, ρ, β).
Now let (
∂2zzwˆ
)
min
(τ) = min
0≤z≤5β
∂2zzwˆ (z, τ)
Note that by (4.3) we have (
∂2zzwˆ
)
min
(τ0) > 0
Now we would like to prove (
∂2zzwˆ
)
min
(τ) ≥ 0
for τ0 ≤ τ ≤ τ˚ by contradiction. Suppose that
(
∂2zzwˆ
)
min
(τ) fails to be non-negative
for all τ0 ≤ τ ≤ τ˚ , there must be τ∗1 > τ0 so that(
∂2zzwˆ
)
min
(τ∗1 ) < 0
Let τ∗0 ≥ τ0 be the first time after which
(
∂2zzwˆ
)
min
is negative all the way up to
τ∗1 . By continuity, we have (
∂2zzwˆ
)
min
(τ∗0 ) ≥ 0
On the other hand, by (7.47) and (8.24), there hold
∂2zzwˆ (0, τ) = lim
zց0
∂zwˆ (z, τ)
z
≥ 0
∂2zzwˆ (5β, τ) > 0
for τ0 ≤ τ ≤ τ˚ . As a result, the negative minimum of ∂2zzwˆ (z, τ) for each time-slice
must be achieved in (0, 5β). Then by the maximum principle (applying to (8.25)),
(6.8), (8.26) and (8.27), we get
∂τ
(
∂2zzwˆ
)
min
≥
(
−2− 6 (∂zwˆ)
2
1 + (∂zwˆ)
2
(
∂2zzwˆ
)2
min
+
(
(n− 1)
(
1
wˆ2
− 2
z2
)
−
1
2 + σ
2στ
))(
∂2zzwˆ
)
min
≥
(
6 (∂zwˆ)
2 (
∂2zzwˆ
)2
min
) (
∂2zzwˆ
)
min
≥ 6 (1 + βα−2)2 (∂2zzwˆ)3min
for τ∗0 < τ ≤ τ∗1 . It follows that
(
∂2zzwˆ
)
min
(τ∗0 ) < 0, which is a contradiction. 
Recall that by the admissible conditions (see Section 3), the projected curve Γ¯τ
(see (3.23)) is a graph over C¯ outside B (O; β). By (8.6) and also the admissible
conditions, we also know that inside B (O; β), Γ¯τ is a convex curve which intersects
orthogonally with the vertical ray { (0, z)| z > 0}, i.e. ∂zwˆ (0, τ) = 0. Furthermore,
by (2.4) and (6.8), Γ¯τ lies above C¯ and tends to it as z ր β. Therefore, we conclude
that Γ¯τ is “entirely” a graph over C¯ and
(8.28) Γ¯τ = {(z, wˆ (z, τ))| z ≥ 0}
=
{(
(z − w (z, τ)) 1√
2
, (z + w (z, τ))
1√
2
)∣∣∣∣ z ≥ wˆ (0, τ)√2
}
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Remark 8.6. For the admissible conditions in Section 3, we only require the function
w (z, τ) (see (3.24)) is defined for z & β. However, by the convexity (see (8.6)) and
the above argument, we find the domain of definition for w (z, τ) is given by
wˆ (0, τ)√
2
≤ z <∞
On the other hand, by (6.3) and (6.8), we may assume that inside B (O; 5β), Γ¯τ is
bounded between M¯ 1
2
and M¯ 3
2
, provided that β ≫ 1 (depending on n) and τ0 ≫ 1
(depending on n, Λ, ρ, β). In particular, we have
sup
τ0≤τ≤τ˚
wˆ (0, τ)√
2
<
ψˆ2 (0)√
2
which means w (z, τ) is defined for z ≥ ψˆ2(0)√
2
, τ0 ≤ τ ≤ τ˚ . In addition, since Γ¯τ is
a convex curve which lies below M¯ 3
2
and tends to C¯, we deduce that
(8.29) 0 ≤ w (z, τ) ≤ ψ 3
2
(z) ≤
ψ 3
2
(
ψˆ2(0)√
2
)
ψˆ2(0)√
2
z
for ψˆ2(0)√
2
≤ z ≤ 5β, τ0 ≤ τ ≤ τ˚ . Note that the slope of the linear function on the
RHS satisfies
0 <
ψ 3
2
(
ψˆ2(0)√
2
)
ψˆ2(0)√
2
<
ψ2
(
ψˆ2(0)√
2
)
ψˆ2(0)√
2
= 1
Lastly, in order to prove (8.5), we need the following two lemmas, which provide
smooth estimates of the function w (z, τ) in the rescaled tip region.
Lemma 8.7. If β ≫ 1 (depending on n, Λ) and τ0 ≫ 1 (depending on n, Λ, ρ,
β), there holds
(8.30)

|w (z, τ)− ψk (z)| ≤ C (n)βα−3
(
τ
τ0
)−̺
−1 ≤ ∂zw (z, τ) ≤ 13
0 ≤ ∂2zzw (z, τ) ≤ C (n)
for ψˆ2(0)√
2
≤ z ≤ 3β, τ0 ≤ τ ≤ τ˚ .
Proof. By (6.8), inside B (O; 5β), the projected curve Γ¯τ is bounded between
M¯(
1−βα−3
(
τ
τ0
)−̺)
k
and M¯(
1−βα−3
(
τ
τ0
)−̺)
k
, which implies
ψ(
1−βα−3
(
τ
τ0
)−̺)
k
(z) ≤ w (z, τ) ≤ ψ(
1+βα−3
(
τ
τ0
)−̺)
k
(z)
for ψˆ2(0)√
2
≤ z ≤ 3β, τ0 ≤ τ ≤ τ˚ . Then by (2.9), (6.3) and using a similar argument
as in the proof of Proposition 6.6, we can derive the C0 estimate of (8.30).
As for the first derivative, note that by (3.27), (8.6), (8.24) and the admissible
conditions in Section 3, Γ¯τ is a convex curve which intersects orthogonally with the
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vertical ray { (0, z)| z > 0}. Thus, we have
(8.31)
∂2zzw (z, τ) ≥ 0
∂zw (z, τ) ≥ ∂zw
(
wˆ(0, τ)√
2
, τ
)
= −1
∂zw (z, τ) ≤ ∂zw (3β, τ) ≤ C (n, Λ)βα−1 ≤ 13
for ψˆ2(0)√
2
≤ z ≤ 3β, τ0 ≤ τ ≤ τ˚ , provided that β ≫ 1 (depending on n, Λ).
Lastly, for the second derivative, notice that by (4.16), the normal curvature of
Γ¯τ (in terms of wˆ (z, τ)) satisfies
(8.32)
∣∣AΓ¯τ ∣∣ =
∣∣∂2zzwˆ (z, τ)∣∣(
1 + (∂zwˆ (z, τ))
2
) 3
2
≤ C (n)
for 0 ≤ z ≤ 3β, τ0 ≤ τ ≤ τ˚ . Now if we reparametrize Γ¯τ by means of w (z, τ), the
normal curvature is then given by
(8.33) AΓ¯τ =
∂2zzw (z, τ)(
1 + (∂zw (z, τ))
2
) 3
2
The second derivative estimate in (4.16) follows from (8.31), (8.32) and (8.33). 
The following lemma can be regarded as a counterpart of Proposition 7.11.
Lemma 8.8. If β ≫ 1 (depending on n, Λ) and |τ0| ≫ 1 (depending on n, Λ, ρ,
β), then for any 0 < δ ≪ 1, m, l ∈ Z+, there holds
(8.34) δm+2l
∣∣∂mz ∂lτ (w (z, τ)− ψk (z))∣∣ ≤ C (n, m, l)βα−3 ( ττ0
)−̺
for (z, τ) satisfying ψˆ2 (0) ≤ z ≤ 2β, τ0 + δ2 ≤ τ ≤ τ˚ .
Proof. By mimicking the proof of Proposition 7.12 and using (2.9), (3.26), (8.29),
(8.30) and Lemma (2.3), we can deduce (8.34). 
Below we show that the C0estimate of (8.5) follows directly from the C0 estimate
of (8.30).
Proposition 8.9. If β ≫ 1 (depending on n) and τ0 ≫ 1 (depending on n, Λ, ρ,
β), there holds
(8.35) |w (z, τ)| ≤ C (n) zα
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 ≤ τ ≤ τ˚ .
Proof. By Lemma 2.3, (6.3) and (8.30), we have
z−α |w (z, τ)| ≤ z−α |ψk (z)| + z−α |w (z, τ)− ψk (z)|
≤ z−α |ψk (z)| + (2β)−α |w (z, τ)− ψk (z)|
≤ C (n)
(
1 + β−3
(
τ
τ0
)−̺)
≤ C (n)
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 ≤ τ ≤ τ˚ , provided that β ≫ 1 (depending on n). 
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In the following proposition, we show the first derivative estimate of (8.5) by
using the maximum principle and (8.34).
Proposition 8.10. If β ≫ 1 (depending on n) and τ0 ≫ 1 (depending on n, Λ, ρ,
β), there holds
(8.36) |∂zw (z, τ)| ≤ C (n) zα−1
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 ≤ τ ≤ τ˚ .
Proof. From (3.26), we derive
(8.37) ∂τ
(
z−α+1∂zw
)− 1
1 + (∂zw)
2 ∂
2
zz
(
z−α+1∂zw
)
−
 −2 ∂zw ∂2zzw(
1 + (∂zw)
2
)2 + 2 (n− 1)
z
(
1− (w
z
)2) −
(
1
2
+ σ
)
z
2στ
 ∂z (z−α+1∂zw)
= z−α
 2 (α− 1)
1 + (∂zw)
2 ∂
2
zzw −
4 (n− 1)
(
1− (∂zw)2
)
z2
(
1− (w
z
)2)2 w

+(α− 1) z−α
−2 (∂zw) (∂2zzw)(
1 + (∂zw)
2
)2 + 2 (n− 1)
z
(
1− (w
z
)2) −
(
1
2
+ σ
)
z
2στ
− α
z
(
1 + (∂zw)
2
)
 (∂zw)
Let
Mboundary = max
τ0≤τ≤τ˚
{
z−α+1∂zw (z, τ)
∣∣
z=2ψˆ2(0)
, z−α+1∂zw (z, τ)
∣∣
z=2β
}
Minitial = max
2ψˆ2(0)≤z≤2β
z−α+1∂zw (z, τ0)
Then by (8.23) and (8.30), we have
Mboundary ≤ C (n)
By (4.4), we have
Minitial ≤ C (n)
Let
h (τ) = max
2ψˆ2(0)≤z≤2β
z−α+1∂zw (z, τ)
and
M = max {Mboundary, Minitial}
If h (τ) ≤ M for τ0 ≤ τ ≤ τ˚ , then we are done. Otherwise, there is τ∗1 > τ0 for
which
h (τ∗1 ) > M
Let τ∗0 be the first time after which h is greater than M all the way upto time τ
∗
1 .
By continuity, we have
h (τ∗0 ) ≤M
Applying the maximum principle to (8.37) (and using (8.29) and (8.30)) yields
∂τh ≤ C (n)β−α
which implies that
h (τ) ≤ M + C (n)β−α (τ − τ∗0 )
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for τ∗0 ≤ τ ≤ τ∗1 . Now choose 0 < ε≪ 1 (depending on n) so that
h (τ) ≤ M + 1
for τ∗0 ≤ τ ≤ τ∗0 + εβα. By the above argument, we claim that
(8.38) max
2ψˆ2(0)≤z≤2β
z−α+1∂zw (z, τ) ≤ M + 1
for τ0 ≤ τ ≤ τ0 + εβα; otherwise, we would get a contradiction by the above
argument.
On the other hand, by (8.34) we have
(εβα)
1
2 |∂z (w (z, τ) − ψk (z))| ≤ C (n)βα−3
(
τ
τ0
)−̺
for ψˆ2 (0) ≤ z ≤ 2β, τ0 + εβα ≤ τ ≤ τ˚ . It follows, by (2.1), (6.3) and Lemma 2.3,
that
z−α+1∂zw (z, τ) ≤ z−α+1∂zψk (z) + C (n) (εβα)−
1
2 βα−3
(
τ
τ0
)−̺
z−α+1
(8.39) ≤ z−α+1∂zψk (z) + C (n)β−2−α2 ≤ C (n)
for ψˆ2 (0) ≤ z ≤ 2β, τ0 + εβα ≤ τ ≤ τ˚ , provided that β ≫ 1 (depending on n) and
τ0 ≫ 1 (depending on n, Λ, ρ, β). Note that ε = ε (n).
Combining (8.38) with (8.39) yields
∂zw (z, τ) ≤ C (n) zα−1
for ψˆ2 (0) ≤ z ≤ 2β, τ0 ≤ τ ≤ τ˚ . By a similar argument, we can show that
∂zw (z, τ) ≥ −C (n) zα−1

Next, given any constant p, from (3.26) we derive the following evolution equation
in order to estimate the second derivative of (8.5).
(8.40) ∂τ
(
z−p+2∂2zzw
)− 1
1 + (∂zw)
2 ∂
2
zz
(
z−p+2∂2zzw
)
−
−6 (∂zw) (∂2zzw)(
1 + (∂zw)
2
)2 + 2 (n− 1)
z
(
1− (w
z
)2) −
(
1
2
+ σ
)
z
2στ
+
2 (p− 2)
z
(
1 + (∂zw)
2
)
 ∂z (z−p+2∂2zzw)
=
−2
(
1− 3 (∂zw)2
) (
∂2zzw
)2(
1 + (∂zw)
2
)3 + 12 (n− 1)
(
w
z
)
∂zw
z2
(
1− (w
z
)2)2
(z−p+2∂2zzw)
−
2 (n− 1)
(
1 +
(
w
z
)2)
z2
(
1− (w
z
)2)2 + 2 (n− 1)
(
1
2
+ σ
)
1
2στ
(z−p+2∂2zzw)
+(p− 2)
−6 (∂zw) (∂2zzw)
z
(
1 + (∂zw)
2
)2 + 2 (n− 1)
z2
(
1− (w
z
)2) −
(
1
2
+ σ
)
1
2στ
+
p− 3
z2
(
1 + (∂zw)
2
)
(z−p+2∂2zzw)
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+
1
z2
 4 (n− 1)(
1− (w
z
)2)3
(
(∂zw)
2
+ 3
(w
z
)2
(∂zw)
2 − 1− 3
(w
z
)2)(z−p+1∂zw)
+
1
z2
 4 (n− 1)(
1− (w
z
)2)3 (1− (∂zw)2)
(
3 +
(w
z
)2)(z−pw)
The following lemma is essential for the derivation of the second derivative estimates
in (8.5), and its proof is very similar to the one in the previous lemma
Lemma 8.11. If τ0 ≫ 1 (depending on n, Λ, ρ, β), there holds∣∣z ∂2zzw (z, τ)∣∣ ≤ C (n)
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 ≤ τ ≤ τ˚ .
Proof. Let
Mboundary = max
τ0≤τ≤τ˚
{
z ∂2zzw (z, τ)
∣∣
z=2ψˆ2(0)
, z ∂2zzw (z, τ)
∣∣
z=2β
}
Minitial = max
2ψˆ2(0)≤z≤2β
z ∂2zzw (z, τ0)
By (4.4), (8.23) and (8.30), we have
M = max {Mboundary, Minitial} ≤ C (n)
Define
h (τ) = max
2ψˆ2(0)≤z≤2β
z ∂2zzw (z, τ)
If h (τ) ≤ M for τ0 ≤ τ ≤ τ˚ , then we are done. Otherwise, there is τ∗1 > τ0 for
which
h (τ∗1 ) > M
Let τ∗0 be the first time after which h is greater than M all the way upto time τ
∗
1 .
By continuity, we have
h (τ∗0 ) ≤M
Applying the maximum principle to (8.40) with p = 1 (and using (8.29) and (8.30))
yields
∂τh (τ) ≤ C (n) (h (τ) + 1)
which implies that
h (τ) ≤ C (n)τ−τ∗0 (M + C (n)) ≤ 2 (M + C (n))
for τ∗0 ≤ τ ≤ τ∗0 + ε, where 0 < ε = ε (n)≪ 1. Thus, we claim that
(8.41) max
2ψˆ2(0)≤z≤2β
z ∂2zzw (z, τ) ≤ 2 (M + C (n))
for τ0 ≤ τ ≤ τ0+ε; otherwise, we would get a contradiction by the above argument.
On the other hand, by (8.34) we have
ε
∣∣∂2zz (w (z, τ)− ψk (z))∣∣ ≤ C (n)βα−3 ( ττ0
)−̺
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for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 + ε ≤ τ ≤ τ˚ , which, together with (2.1), (6.3) and Lemma
2.3, implies
(8.42) z ∂2zzw (z, τ) ≤ z ∂2zzψk (z) + C (n) ε−1βα−3
(
τ
τ0
)−̺
z ≤ C (n)
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 + ε ≤ τ ≤ τ˚ (since ε = ε (n)).
By (8.41) and (8.42), we get
z ∂2zzw (z, τ) ≤ C (n)
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 ≤ τ ≤ τ˚ . Similarly, by a similar argument, we can show
that
z ∂2zzw (z, τ) ≥ −C (n)

Now we are ready to show the second derivative estimate of (8.5) with the help
of the previous lemma.
Proposition 8.12. If τ0 ≫ 1 (depending on n), there holds∣∣∂2zzw (z, τ)∣∣ ≤ C (n) zα−2
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 ≤ τ ≤ τ˚ .
Proof. Let
Mboundary = max
τ0≤τ≤τ˚
{
z−α+2∂2zzw (z, τ)
∣∣
z=2ψˆ2(0)
, z−α+2∂2zzw (z, τ)
∣∣
z=2β
}
Minitial = max
2ψˆ2(0)≤z≤2β
z−α+2∂2zzw (z, τ0)
By (4.4), (8.23) and (8.30), we have
M = max {Mboundary, Minitial} ≤ C (n)
Define
h (τ) = max
2ψˆ2(0)≤z≤2β
z−α+2∂2zzw (z, τ)
If h (τ) ≤ M for τ0 ≤ τ ≤ τ˚ , then we are done. Otherwise, there is τ∗1 > τ0 for
which
h (τ∗1 ) > M
Let τ∗0 be the first time after which h is greater than M all the way upto time τ
∗
1 .
By continuity, we have
h (τ∗0 ) ≤M
By applying the maximum principle to (8.40) with p = α and using (8.29), (8.30),
(8.35) and (8.36), we get
∂τh (τ) ≤ C (n) (h (τ) + 1)
which implies that
h (τ) ≤ C (n)τ−τ0 (M + C (n)) ≤ 2 (M + C (n))
for τ∗0 ≤ τ ≤ τ∗0 + ε, where 0 < ε = ε (n)≪ 1. Thus, we infer that
(8.43) max
2ψˆ2(0)≤z≤2β
z−α+2∂2zzw (z, τ) ≤ 2 (M + C (n))
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for τ0 ≤ τ ≤ τ0 + ε, since otherwise, we would get a contradiction by the above
argument.
On the other hand, by (8.34) we have
ε
∣∣∂2zz (w (z, τ)− ψk (z))∣∣ ≤ C (n)βα−3 ( ττ0
)−̺
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 + ε ≤ τ ≤ τ˚ , which, together with (6.3) and Lemma 2.3,
implies
z−α+2∂2zzw (z, τ) ≤ z−α+2∂2zzψk (z) + C (n)βα−3
(
τ
τ0
)−̺
z−α+2
(8.44) ≤ z−α+2∂2zzψk (z) + C (n)β−1 ≤ C (n)
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 + ε ≤ τ ≤ τ˚ , provided that β ≫ 1 (depending on n).
Notice that ε = ε (n).
Combining (8.43) with (8.44) yields
∂2zzw (z, τ) ≤ C (n) zα−2
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 ≤ τ ≤ τ˚ . Likewise, by a similar argument, we can show
∂2zzw (z, τ) ≥ −C (n) zα−2
for 2ψˆ2 (0) ≤ z ≤ 2β, τ0 ≤ τ ≤ τ˚ . 
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